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Abstract

Magnetic fields and mechanical forces can change the deformation and stability of magnetic
emergent crystals (MECs) such as Bloch skyrmion crystal (SkX), Néel SkX and Anti-SkX. Due to
the tensor nature of strains, mechanical loads provide more fruitful ways to manipulate the MECs,
while their effect on MECs other than the Bloch SkX is hitherto unclear. We construct a
thermodynamic model for noncentrosymmetric ferromagnets in all possible point groups when
subjected to coupled magnetoelastic fields. Compared with classic theories, we include terms
coupling the elastic strains, the magnetization, and its derivatives in the free energy, which lead to
strain-induced Dzyaloshinskii—Moriya interaction anisotropy. For epitaxial thin films in three
types of point groups (T, Cs,, D,4) hosting Bloch SkX, Néel SkX and Anti-SkX, we find the newly
added terms always deform the MECs and eventually lead to their instability as the misfit strains
increase. Specifically, for Bloch SkX in group T materials and Néel SkX in group Cs, materials, a
novel magnetic phase called paired-skyrmion crystal (pSkX) appears. Our theory lays the path to
study deformation and phase transitions of different MECs, and to explore novel states of MECs in
chiral magnets when subjected to magnetoelastic fields.

1. Introduction

Magnetic emergent crystals (MECs) are spatially periodic field patterns of magnetization that emerge from
the atomic crystals. Examples of MECs include the Bloch skyrmion crystal (SkX) [1-4], Néel SkX [5-7],
Anti-SkX [8, 9], Meron crystals [10], etc. These magnetic states are attracting attention because of their
ultrahigh mobility to electric current [11, 12] which can be useful for racetrack memories [13—15], and
because of the nano-scaled magnetic emergent particles, which permit bottom-up magnonics applications
[16]. In both scenarios, the deformation of MEC:s is significantly affecting their desired properties [17-21].
When subjected to mechanical forces, SkX deforms significantly [22—-24], affecting its generation [25],
chirality [26], structural phase transitions [21], and elementary excitations [27]. The variety of related
phenomena suggest that mechanical force is an effective approach to tune the properties of SkX and other
MECs. Combining mechanical forces and magnetic fields, the tunability of the MECs is expected to be
further enhanced. Practically, the presence of strains in materials is inevitable, either through possible
defects and dislocations, or through lattice mismatch between the film and substrate in epitaxial thin films,
or through surface tension in free nanomaterials. Therefore, a general theory which quantitatively
determines the deformation of MECs and the variation of their physical properties when the material is
subjected to magnetoelastic fields is in great need.

Theoretically, it is found that the magnetoelastic coupling of the underlying material provides a good
explanation to the deformation of MECs in B20 compound [21, 22], the phase diagrams [19], and variation

© 2021 The Author(s). Published by IOP Publishing Ltd on behalf of the Institute of Physics and Deutsche Physikalische Gesellschaft


https://doi.org/10.1088/1367-2630/abdd6d
https://creativecommons.org/licenses/by/4.0/
https://orcid.org/0000-0001-8954-4028
mailto:huyf3@mail.sysu.edu.cn
mailto:wangbiao@mail.sysu.edu.cn

10P Publishing

New J. Phys. 23 (2021) 023016 Y Hu et al

of elastic constants of the materials [28, 29] when subjected to mechanical forces [30]. In the model
constructed, it is shown that classic theories of magnetoelastic coupling in ferromagnets [31, 32] are not
sufficient to explain the above mentioned phenomena, and terms of the form e;;MM;, must be added to
the Helmholtz free energy density. Interestingly, when studying the deformation of SkX in MnSi [21, 30], it
is found that the scale of the energy term ¢;; MM, is at least an order of magnitude smaller than that of the
regular magnetoelastic term £;;M}, while the two terms are both indispensable. This recalls us of the fact
that SkX in bulk helimagnets are stabilized by competition between the exchange interaction and the
Dzyaloshinskii—Moriya interaction (DMI), where DMI is usually of a much smaller scale than that of the
exchange interaction. In fact, the term £;M;M;, can be interpreted as strain-induced DMI anisotropy,
which generally exists for all chiral magnets, while their precise form for materials outside group T is not
known. Besides, the free energy functional derived for B20 compounds is the Helmholtz free energy,

which is applicable when the system is subjected to strain restrictions. When mechanical forces are applied
at the boundary, the appropriate thermodynamic potential, being the elastic Gibbs energy [33], is not
obtained.

In this paper, we systematically develop the thermodynamics of chiral magnets under coupled
magnetoelastic fields. Specifically, we accomplish the following points: (A) for chiral magnets in different
point groups, we derive the concrete form of magnetoelastic free energy density functional incorporating
the strain-induced DMI anisotropy through symmetry analysis; (B) through Legendre transformation, we
derive the general expression of the elastic Gibbs energy for chiral magnets; (C) for chiral magnets in three
specific point groups (7, Cs,,, D24), we derive the thermodynamic potential for their epitaxial thin films
when subjected to equiaxed in-plane misfit strain or pure shearing misfit strains. We systematically analyze
the effect of the strain-induced DMI anisotropy on the deformation and stability of the three types of MECs
(Bloch SkX, Néel SkX, Anti-SkX) that appear in the materials. Generally speaking, presence of the
strain-induced DMI anisotropy term in the magnetoelastic free energy profoundly affects the deformation
of the MECs such that they are stretched, sheared, or rotated in certain direction when subjected to a
combination of magnetic fields and misfit strains. In particular, at appropriate conditions, a novel magnetic
state called paired-skyrmion crystal (pSkX) may appear in thin films in group T and group Cs,. pSkX is also
topologically nontrivial, but possesses a different topological density than the SkX phase. This means that as
the value of misfit strains smoothly changes, a phase transition between two topologically nontrivial states
occurs, accompanied by a jump of topological density. To sum up, we establish the theoretical foundation
for studying magnetoelastic related phenomena in different skyrmionic magnetic materials.

2. Helmbholtz free energy density with magnetoelastic interactions for chiral magnets

Generally, the Helmholtz free energy density with magnetoelastic interactions for chiral magnets takes the
following form:
W = Winag(M) + Wie(m, £5) + we (i), (1)

where e (m) denotes the part of free energy density which relies merely on the magnetization vector m,
Wme(M, ;) denotes the contribution of magnetoelastic coupling, and wei(e;;) denotes the elastic energy
density which relies merely on the strain components ;;. We present here two available models of 0 y,4(m)
that are widely used. The first model is temperature dependent, which yields a magnetization vector with
changeable modulus:

om
81’,‘

3 2
Winagt (M) = wppm(m) + Z ( ) —2b-m+ tm? + m*, 2)
i=1

where wpy(m) denotes the generalized DMI whose exact form depends on the symmetry of the material
(expanded in supplementary material (https://stacks.iop.org/NJP/23/023016/mmedia) part A), ¢ denotes the
temperature, and b denotes the magnetic field. This model derives from the Landau theory [32], which is
usually used near the Curie temperature to study temperature dependent phenomena. The second model is
used at low temperature, which yields a magnetization vector with fixed modulus:

Oom
-

2
81> —b-m. (3)

3
Whnaga (M) = wpy(m) + > (
i=1

Equations (2) and (3) are presented in a rescaled manner for convenience, with two types of different
rescaling procedure (for equation (2), see the supplementary information of reference [1], for equation (3),
see reference [34]).
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Table 1. Numbers of independent magnetoelastic thermodynamic parameters for different
point groups.

O T CZ v CS?; C47; Cﬁ v D 2 D 3

3 4 12 8 7 6 12 8
ner 6 13 41 28 21 17 39 26
4 8 28 22 14 13 24 19

D, Ds Dy Cy Sa G Cy Cs

nex 7 6 7 20 10 12 9 8
ne 19 15 20 82 40 54 40 32
my 12 11 12 56 26 44 26 25

For chiral magnets, we propose a general form of w,.(m, €;;) as follow:
Wme(M, £5) = aguemmy + diuneijmgmyy, (4)

where the first term with coefficient a;y; (hereafter called the a term) is the interaction considered in classic
theories of magnetoelastic coupling [31, 32]. When studying the effect of strains in chiral magnets, the
second term with coefficient djjy, (hereafter called the d term) is non-ignorable, and sometimes dominant.
If one fixes the strains of the material, the d term induces an anisotropy to the DMI, which can be
significant due to the intrinsic smallness of the DMI. The form of magnetoelastic free energy density given
in equation (4) can be simplified after considering the symmetry requirement of the materials, which

reduces to
nGK nGL

Wme(m, ) = > Kaify(ejpm) + Y Leif (e, m, Vm), (5)

i=1 i=1

where the first term with coefficient Kg; is reduced from the a term, and the second term with coefficient
Lg; is reduced from the d term, and the subscript G depends on the point group of the material considered
(e.g. for group O, the letter G is replaced by O). For a specific point group, ngx and ng determines the
independent thermodynamic parameters we have in the model. The detailed expression of f};(¢;;, m) and
f&(ej, m, Vm) are given in supplementary material part B. When the material studied is suffering
homogeneous deformation, the number ng; can be further reduced to #; , because some pairs of the
expressions of f£(¢;;, m, Vm) are found to be equivalent to each other through integration by part. The
values of n¢x, ngr, and ng; are listed in table 1 for different groups.

To make use of the model proposed in equation (1), one has to obtain the exact values of the
thermodynamic parameters, especially the magnetoelastic parameters a; and djj,, proposed in
equation (4). These parameters can generally be determined through magnetostriction measurements.
Here, we use group O as an example to show how to determine these thermodynamic parameters by
experiments or first-principle calculation of the magnetostriction. For materials in group O, we have

3 6
Wie(m, £5) = Z Koifoi(gij,m) + Z Loifyi(gij, m, Vm), (6)

i=1 i=1

where

for = eumi + enams + ex3m3, (7a)
for = enmi + enm + epmt + epnm; + £33m; + £33m3, (7b)
fos = 4eamimy + e smims + depsmyms, (7¢)
éll = E11M1My3 — E11M1M33 — ExM13My + ExMaM3 1 + €331 M3 — E331,1M3, (7d)
(I}z = E11M3My — EN1M M3 — ExMMy3 + €221 M3 + E331M1M35 — 33121131, (7e)
(I)Ia = —Enmp1Ms + €11MyM3 + €M a3 — ExM M3 — £33 31y + E331M11M) 3, (71)
34 = 2812?’/’!11’1’!1)3 — 2612m2m2,3 — 26131’/’!11’1’!1)2 + 2613m3m3,2 + 28231’”2}’}’[2)1 — 2623m3m3,1) (7g)
fos = 2eamimsy — 2e1,mams, — 2e3mymy,; + 2€13Ma,315 + 28231 21y — 26231 31M3, (7h)
[ = 2e1amy 1m3 — 2e1,myams — 2€1311 11y + 2613MyM3 3 + 26031 My, — 2€031M1 13 3. (71)
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O(Wme+we

When the material studied is free from external forces, we have for the stresses o;; = ) —0fori= j

O(wmetwe) _ ; ; — —
(“T—;“l) = 0 for i # j (7;; = 2¢;), where wg = 1Cn(e} + el + k) + 2Cu(els +els +€y)

+ C12(611622 + €11€33 + 622833). For materials in group Oit gives:

E,‘j

and 0;; =

Cien + Cialen +€33) = =% (m, Vm),
Ciien + Cialen +€33) = —F22(m, Vm),
Cness + Caen + €22) = —F33(m, Vm),
2Cue23 = —F3(m, Vm),
2Cpe3 = —F13(m, Vm),
2Cpen = —F12(m, Vm),

(8)

where Cj; are the elastic stiffness of the material, and §1; = Koim} + Kox(m3 + m3) + (Lor — Loa)
(myimys — mimsy) + Los(mamsy — msma,), §22 = Koim3 + Koa(mi + m3) + (Loi — Loa)
(mamsy — mymy3) + Los(mamy, — mimss), §33 = Koim3 + Koo (mi + m3) + (Lot — Loz)
(msmy, — mamy) + Los(mimys — mymy 3), §az = 2Kosmams + Los(mymyy — mams ;) +

(Los — Los) (mamyy — mazmy 3), §13 = 2Kosmyms + Log(mszms, — mymyz) + (Los — Log)

(m3m2,3 - mlmz,l)) S12 = 2Kozmym, + Lo4(m1m1,3 - m2m2,3) + (Los — LOG)(mlm3,1 - m2m3,2)-

To determine the parameters, one should apply bias magnetic field of different strength in different
directions, and then measure the associated strains ;. Firstly, apply a strong magnetic field in axis-r; at low
temperature, the magnetization in such a case should be m = [0 0 m]T, where m, denotes the saturation
magnetization. For the measured strains ¢;, we have after manipulation

1
Ko = —?[Cneg + Cia(enn +e2)], ©)

S

1
Koy = _ﬁ[clﬁn + Cia(e +€33)] (10)

S
Equations (9) and (10) determines Kp; and Ko, by the measured strains and magnetization. At a lower
magnetic field, the material is stabilized in the conical phase with the magnetization m = [m, cos(grs)
mg sin(qrs) myo] T, where m, denotes the Fourier magnitude, m, denotes the constant r3-component, and g
denotes the wave number. We have after manipulation

2 1
Loy — Loy = g Cien + Cilen +33) + E(KOI + Koa)m;, + Koymg | (11)
q
1
Los = —m—zq[C11€33 + Cualen + €22) + Koo, + Koymg). (12)
q

Similarly, apply a strong magnetic field and a moderate magnetic field in direction [110], the magnetization
is given respectively by m = [v/2/2m,v/2/2m; 0] and

\/E/Z(mq cos(\/E/Zq(i’l + 1)) + mp)
m = ﬁ/Z(—mq cos(\/E/Zq(rl + 1)) +mg)| - (13)
mg sin(\/E/Zq(rl +1))

We have after manipulation

Kos = —%C44€12, (14)
mS
Los — Los = %[4(744612 + Koy (2mj — m2)]. (15)
qq
Equations (9)—(15) provide the relations between the thermodynamic parameters and the measured

magnetostriction (in equation (11), Lo; — Lo, is treated as a single parameter because when suffering
homogeneous elastic fields, the terms related to Lo, and —Le, can be switched to each other through
integration by part; equation (15) is understood in the same way). Further study shows that the term with
coefficient L4 in equation (6) is not affecting the magnetostriction measurement. It only has an effect on
the inhomogeneous distribution of periodic strains in space, for which the value of parameter L4 cannot
be examined through ordinary magnetostriction measurement. For materials in points groups with lower
symmetry, we need to perform magnetostriction measurements in more directions to get a full set of
parameters and the solution of the parameters is generally more complicated.
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3. FElastic Gibbs energy density with magnetoelastic interactions for chiral magnets

In the Helmholtz free energy density given in equation (1), the elastic strains and the magnetization are
chosen as the independent variables of the system, which is applicable to materials with a fixed
displacement, or approximately, with displacement boundary conditions. When the stress boundary
conditions are given instead, the elastic Gibbs free energy density [33] is the appropriate thermodynamic
potential to be used, which can be derived from the Helmholtz free energy density through the Legendre
transformation. We derive it as follow for chiral magnets suffering a coupled magnetoelastic field. From
equation (4), all strain-related terms in wy, are linear to the strain components. Therefore equation (4) can
be reformulated as

Wpe = € - F(m, Vm), (16)

where
§(m, Vm) = [F11(m, Vm)Fr(m, Vm)Fs;(m, Vm)Fas(m, Vm)F3(m, Vm)F 2 (m, Vm)]", (17)
Fi(m, Vm) = ‘{gb—n; if i = j, §;(m, Vm) = ;Qg—] if i # j, and
€ = [e11 €2 €33 2623 2613 2e1)". (18)

The elastic Gibbs energy density of the system can be derived through the following Legendre
transformation
gloom,Vm) =w — € - o, (19)

where o = [011 022 033 023 013 012] L. After manipulation, we have from equation (19)
1
g(o,m, Vm) = Weg — wa(o) + 0'SF — 5#5& (20)

where wg (o) = %O'TSO', and S = C ! is the flexibility matrix.

Equation (20) is a general formula of the elastic Gibbs energy density. To use it, one has to first consider
the specific symmetry requirement of the material studied, and derive the particular form of § from
equation (5), and then substitute it into equation (20). Notice that the last term on the right-hand-side of
equation (20) is generally very complicated, while its effect is to induce a modification of the
magneto-crystalline anisotropy and other higher order magnetic anisotropy terms. Yet according to
previous analysis [30], for materials with a magnetostriction smaller than 10~* (which is generally true), the
effect of this term is negligible. For different point groups, the detailed expressions of §;;(m, Vm) are given
in supplementary material part C.

4. Thermodynamic potentials for epitaxial thin films of chiral magnets

Sometimes the material studied possess a mixed boundary condition. The most frequently encountered case
of this type is an epitaxial thin film, which is mechanically clamped in-plane, and subjected to forces on the
out-of-plane surfaces. In this case, the appropriate thermodynamic potential is:

&IF = W — £33033 — 2623023 — 2€13013, (21)

where the independent variable for the elastic fields are €11, €2, €12, 033, 023 and 013. The expression of g
depends on the symmetry of the material studied. For orthorhombic materials (group D, or C,), we have

1
8TF = Wmag + ol + €181 + 22822 + 2612812 + = (033 — Cizenn — Cp3en) 33

C33
2 2 2
023 013 33 23 13
B L S - - , 22
LR RN L To N TN Ton (22)

where g, denotes the part of free energy density that depends merely on the elastic strains, and in the case
of an epitaxial strain is equal to a constant, for which its detailed expression is not expanded. The
expressions of §;; differ for different groups and can be found in supplementary material part C.
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For trigonal materials (group Ds, C; or Cs,), we have

1
8TF = Wmag + & + 11811 + €282 + 2612812 + C—(U33 — Cizenn — Ci3en)83
33

1
Cua

1 2 32 2
(023 — Craen + Craen) s + Cot (013 — 2C1E)T1s — ~ o0 — 2 — 1 (23)
44

* 2C3 2Cy  2Cu

For hexagonal materials (group D, Cg or Cg, ), we have

1
STF = Wmag + ol + 1811 + €282 + 2612812 + = (033 — Cizen1 — Ci3e2) 833

Cs3
023 013 gga 3%3 %3
725 LAY . - — i 24
LR T R T TR ToM 24
For cubic materials (group O or T), we have
1
8TF = Wmag + & + 11811 + €282 + 2612812 + C—(U33 — Cizen — Ci3en)833
11
023 013 3%3 3%3 %3
75 g, OB O Ui 25
* Cus 82 Cus 812 2G5 2Cy  2Cy (@5)

5. Epitaxial thin films of chiral magnets in group T, C;, and D,; under equiaxed strain
and pure shear

Now we provide some concrete applications of the theory constructed above. We consider two most
commonly encountered mechanical boundary conditions for epitaxial thin films: (a) equiaxed in-plane
misfit strain €17 = €5, = €, €12 = 033 = 023 = 013 = 0, and (b) pure shear ¢, = 321,
€11 = €y = 033 = 023 = 013 = 0. Notice that € and ~y are assumed to be constants in this work. We derive
the concrete form of thermodynamic potentials to be used for materials in three different types of point
groups (group T, Cs, and D,,) subjected to the two conditions of misfit strains. These three point groups
are chosen since they provide hosts for three types of MECs respectively: Bloch SkX [1-4, 22], Néel SkX
[5, 35-38], and Anti-SkX [8], which have already been observed in experiments. Helimagnets in group T
includes MnSi [1, 39], Fep 5Co0 551 [2], and FeGe [3, 22, 40], etc; helimagnets in group Cs,, includes GaV,Sg
[5]; helimagnets in group D,,; includes Mn; 4Pty 9Pdy Sn [8].

For materials in group T subjected to condition (a), the thermodynamic potential to be used is reduced
to

* 2 * 2 * 2 * * *
8TF = Wmag +gel + KTem + KT1€T’I’11 + KT2€m3 + LT16m1m2,3 + LTZS(T’I’BT’I’ILZ + mzma,l) + LT36m3m1,2,

(26)
where L, = L1 — Lys — Lo + Lrs — €2 (Lra — Lre), Ly = Ly — Lys — €2 (Lo — Lys) + Ly — Lre,
Ly =—(1+ %)(Ln — L3+ L1y — Lts), and Ky; and Ly are the magnetoelastic thermodynamic

parameters for materials in group T, which are defined in supplementary material part B. When K, =0
and L}, = —L%,, equation (26) reduces to the thermodynamic potential for materials in group O.
Equation (26) shows that for epitaxial helimagnets in group T subjected to equiaxed in-plane misfit strain,
the emergent deformation of the MECs are completely determined by six thermodynamic parameters: K,
K3y, K3y, Ly, L, and Li5. Here we investigate the effect of each individual magnetoelastic terms in
equation (26). Kjem? reduces the Curie temperature of the material by K& [here and in the discussion
below we have used equation (2) instead of equation (3)]. K;,em? and K;,em? induce an uniaxial
anisotropy, which is studied in previous works [41, 42]. The term with a coefficient L}, is ineffective when
studying 2D MECs in the r;—r, plane. The term with a coefficient L%, shares the form of the original DMI
of the material, for which its effect is to change the lattice constant of the MEC studied without causing a
pattern deformation. The term with a coefficient L7, induces an anisotropy of DMI, which causes
deformation and even phase transition of MECs (figure 1). To be more specific, a negative (positive) L},
stretches the Bloch SkX in direction r; (r;), and as the value of L,e decreases (increases), the Bloch SkX
finally evolves to the In-plane single Q (IPSQ) phase.

One should notice that in a certain range of magnetic field, as the value of positive L%, increases, a ‘cell
division’ phenomena occurs: the skyrmions in the SkX is suddenly stretched into a pair of ‘linked’
skyrmions, which form a novel magnetic state called pSkX. The ‘particle’ of pSkX, a paired-skyrmion, is
different from a biskyrmion [43] or a dipole skyrmion [44]. To be more specific, a paired-skyrmion is
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Figure 1. (a,c) phase diagrams and (a;, ¢;), for i = 1-6 and j = 1, 2, magnetization field configurations of the magnetic phases
appearing in epitaxial thin films in Group T subjected to (a) equi-axed in-plane misfit strain £,; = €, = ¢, and (c) pure shear
e = % The x-axis of (a) is defined by Ary = L}4¢, and the x-axis of (c) is defined by A, = L3,7. (b) plots the variation of the
topological density of magnetization field with b corresponding to the loading condition of (a), and the result is calculated at

Az = 0.2.1In (a;, ¢j), the vectors illustrate the distribution of the in-plane magnetization components with length proportional to
their magnitude, while the colored density plot illustrates the distribution of the out-of-plane magnetization component. The
black (white) solid line plots the deformed (undeformed) position of the Wigner—Seitz cell of SkX due to presence of misfit
strains.

composed of two identical skyrmions; a biskyrmion is composed of two skyrmions with the opposite
in-plane magnetization distribution and the same out-of-plane magnetization distribution; a dipole
skyrmion is composed of two skyrmions with the opposite in-plane and out-of-plane magnetization
distribution. Interestingly, the topological density of pSkX is nontrivial, but is different from that of the SkX
state. As a result, the topological density of the system undergoes a sudden change during a SkX-pSkX phase
transition, which is realized by smoothly changing the applied misfit strains. The details for calculating the
phase diagrams and magnetization distributions in figure 1 and other figures are introduced in the methods
section.

For materials in group T subjected to condition (b), the thermodynamic potential to be used is reduced
to

&TF = Wmag + el + 2Kraymymy + Lrzymimyz + Lroymamy s + Lrizymsms s

+ Lyyymamy, + Lysymsmy g, (27)

where L}, = L2 — Lr10, L5 = Lrii — Lrg. When Ly = —L7, Lti3 = 0, and L1y — Ls = Lo — Lo,
equation (27) reduces to the thermodynamic potential for materials in group O. Here we investigate the
effect of each individual terms in equation (27). The term with a coefficient K7y can be transformed to
uniaxial anisotropy in a particular direction in the r;—r, plane (i.e. after a rotation of coordinates in the
r—r, plane, the term with a coefficient K14 can take a similar form to K}lem% in equation (26), for which
they possess similar effects). Generally speaking, for all the point groups studied, all terms with a coefficient
Kg;i can be transformed to uniaxial anisotropy in a specific direction, for which we will not analyze the
effect of terms with a coefficient K; repeatedly in the discussion for materials in other point groups. Terms
with coefficients L7, Ly, and Lr3 are ineffective when studying 2D MECs in the r;—r, plane. The two
terms with coefficients L}, and L% induce anisotropy of DMI, which cause deformation and even phase
transition of MECs (figure 1). To be more specific, a negative (positive) L7,y stretches the Bloch SkX in
direction [110] ([110]), and as the value of L},~ decreases (increases), the Bloch SkX finally evolves to the
IPSQ phase. The term with a coefficient Li5 has an exactly opposite effect to that of the term with a
coefficient L7}, (if we assume that L}, = —L7,, the L} term has exactly the same effect as the L7, term).

For materials in group C;, subjected to condition (a), the thermodynamic potential to be used is
reduced to
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* 2 * 2 * *
STF = Wmag + gl + K¢, em” + K¢, jems + Le, je(mymyy — mamyy) + Lo, He(mymy s + mamy )

+ Lg, semsmas + Le, je(msmyy + mamyy), (28)

* _ 2Cy5 * _ _ _ 2Cy3 _
where K¢, = Ke,,1 + Koy, 3 — T2 Koy, 7 K¢, 1 = 2Keya — Koyt — Keys + 52 (Key,7 — Koy 8)s

Cs3

e = 3Lyt — Leyys — Lesss — Loy, 7 — %LC%M)’ Lt,» = Loy + Ly, — ZCCTl;chvzsy
Lg, 5 = 2(Les,1a — g—chgvzs)) L¢, .4 = Les0 + Loyi2 — Loga — Leg0 + %Lgvy - %Lcﬁ‘za) and Kc;, i
and Lc,,; are the magnetoelastic thermodynamic parameters for materials in group Cs,, which are defined
in supplementary material part B. If L¢, ; = 0, equation (28) reduces to the thermodynamic potential for
materials in group Cg,. Here we investigate the effect of each individual terms in equation (28). Terms with
coefficients L¢, , L¢, », and L, 5 are ineffective when studying 2D MECs in the r1—r; plane. The term with
a coefficient L¢, 4 shares the form of the original DMI of the material, for which its effect is to change the
lattice constant of the MEC studied without causing a pattern deformation.

For materials in group Cs, subjected to condition (b), the thermodynamic potential to be used is
reduced to

_ C14 2 2
STF = Wmag + ol + (Key,1 — Koy 3)ymimy + 2Ke, 2 ymams — C—Kc3,)57(m1 + m3)
44
2C14 « «
= Nexsymmims + L¢, symami, + Le, ¢y (mamiy — mamy,;)
44
+ Le, v (msmyy + mamay) + L, gy (msmyy — mzman) + o, (29)
where
_ . on Cu
gn = Le, oymimip + Lo, 1gyMatman — C—LC3,,157(m1m1,1 + mymy,) — C—Lc3,,237m3m3,1
44 44

C
+ (Ley,5 — Loy, 1) ymsmy s — ?MLC31,167(m1m1,3 — mymy3) + C*M(Lc%w — Le,,0)ymsmy 3, (30)
44 44

and Lg, s = (Ley,6 — Ley,s), Ley6 = %(chm — Leyy20)s Ly, 7 = 3(Lesi0 — Legya — Les1z + Lesyo)s
Le s = 4 (Leys — Leyn) Ly = §(=Legt + Loy + Leys = 3Ley)s L0 = =5 BLey
+ Ley,3 + Loy,6 + Ley,7)- When Ke, 2 = Ko, 5 = Key6 = La,)l = La,,s = La,,é = La,,s =0andg, =0,
equation (29) reduces to the thermodynamic potential for materials in group Cg,. Terms in equation (30)
are ineffective when studying 2D MECs in the r—r, plane. The four terms with coefficients L¢, s, L¢, 6>
L¢, 7 and Lg, ¢ induce anisotropy of DMI, which cause deformation and even phase transition of MECs
(figure 2). To be more specific, as the modulus of La,,,ﬂ increases, the Néel SkX rotates about 30°. The term
with a coefficient L¢, ¢ causes internal deformation [45] of the Néel SkX: as the modulus of Lg, ¢y
increases, the Néel skyrmions in SkX are stretched in axis r;, while the lattice constant of the Néel SkX is
kept unchanged. The term with a coefficient L¢, ; causes pure shearing of the Néel SkX: a positive
(negative) L¢, 77 rotates and stretches the SkX in direction [110] ([110]). The term with a coefficient Lt,s
causes uniaxial elongation of the SkX: a positive (negative) L¢, 47 stretches the SkX in axis r1 (r2). One
should notice that in a certain range of magnetic field, as the value of negative L¢, ;7 decreases, the
SkX-pSkX phase transition with is observed in Bloch SkX for materials in group T occurs again. Similarly,
the topological density of the system undergoes a sudden change during a SkX-pSkX phase transition of
materials in group Cj,.

For materials in group D, subjected to condition (a), the thermodynamic potential to be used is
reduced to

TF = Winag + ga1 + Ky em® + Ky em5 + Lpy e(mymys + mymys) + Ly, o (mamy,y + msmyy), (31

_ _ 203 € Cis _ G5 _ _
where KDzd = Kp,;1 + Kp,2 Cs3 Kp, 6 KDZdl - Z(KDzd3 + Cs3 Kp,6 Cs3 KD2d7) Kp,j1 = Kp, 2,

« 205 . _ _ 2053 2
Ly, = Lo, + Loys — G2Lp,s, L, p = Lpyys + Loyys — Loy2 — Lpyya + E2Lpyyio — T Lo, 20, and

Kbp,,i and Lp, ; are the magnetoelastic thermodynamic parameters for materials in group D,4. In
equation (31), the term with a coefficient L, , is ineffective when studying 2D MECs in the r;—r, plane.
The term with a coefficient L}, , shares the form of the original DMI of the material, for which its effect is
to change the lattice constant of the MEC studied without causing a pattern deformation.

For materials in group D, subjected to condition (b), the thermodynamic potential to be used is
reduced to
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Anti-SkX (figure 3): a positive (negative) L}SZdﬂ rotates and stretches the SkX in direction [110] ([110]).

. The x-axis of (a, b, ¢, d) is defined

6> ACyp3 = Lo, 77 ACypa = L, 7 (e) plots the variation of the topological density

=12
2
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i» Ci» d;j), for i = 1,2 and j = 1-4, magnetization field configurations of the MECs

subjected to pure shearing misfit strain €},
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Acy,2 = L*C3,J

02 03
8TF =

0.0 0.1
(Lp,,9 — Lp, 3). In equation (32), terms with coefficients Lp, ;7 and Lp, ;10 are ineffective

b, ¢,d) phase diagrams and (a;, b

appearing in epitaxial thin films in Group Cs,

respectively by A, | = UQ,,S%

Dy33

when studying 2D MECs in the r—r, plane. The term with a coefficient L, ; causes pure shearing of the

i» Ci» dj), the vectors illustrate the distribution of the in-plane magnetization components with length proportional to their
X

magnitude, while the colored density plot illustrates the distribution of the out-of-plane magnetization component. The black

b,
(white) solid line plots the deformed (undeformed) position of the Wigner—Seitz cell of SkX due to presence of misfit strains.

of magnetization field with b corresponding to the loading condition of (d), and the result is calculated at Ac, 4 = —0.2. In

Figure2. (a,
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Figure 3. (a) phase diagrams and (a;), for i = 1-4, magnetization field configurations of the MECs of epitaxial thin films in
Group D, subjected to pure shearing misfit strain £, = %. The x-axis of (a) is defined by Apy1 = L})Z B In (a;), the vectors
illustrate the distribution of the in-plane magnetization components with length proportional to their magnitude, while the
colored density plot illustrates the distribution of the out-of-plane magnetization component. The black (white) solid line plots
the deformed (undeformed) position of the Wigner—Seitz cell of SkX due to presence of misfit strains.

To sum up, we systematically analyze the effect of each of the strain-induced DMI terms on the
deformation and phase transition of MECs appearing in chiral magnets in group T, Cs,, and D,; when the
thin film is subjected to misfit strains of equiaxed in-plane tension/compression or pure shear. In real
materials, the condition of misfit strains is usually more complicated, and all the strain-induced DMI terms
coexist with different strength depending on the material studied. The analysis performed in this work can
be regarded as basic case studies of the large variety of possible deformation pattern and novel MECs that
can appear due to presence of coupled magnetoelastic fields.

6. Methods

In this section, we introduce how to use the free energy density derived in the above section to perform free
energy minimization for different MECs. In particular, we discuss the terms in the magnetoelastic free
energy density which may lead to anisotropic deformation or phase transition of the MECs. For epitaxial
thin films in group T subjected to condition (a), we should discuss the equilibrium state of the material by
using equation (26). Based on the discussion given below equation (26), the only magnetoelastic term that
leads to anisotropic deformation of the Bloch-SkX is the term with coefficient L}5. To study the effect of this
L% term alone, we assume that Ay = Li;¢, and Kf = Kjy = K}, =Ly, = L5, =0,t=0.51in

equation (26), for different values of A7y and the magnetic field b = [00b]", we minimize the volume
integral of equation (26) to determine the equilibrium magnetic state. And by changing the values of Ar
and b, we repeat the minimization process which finally yields the A7, -b phase diagram as shown in

figure 1(a). Here the variation of the parameter A7; has two ways of interpretation: it can either be
understood as the change of misfit strain ¢ for a certain type of material, or be understood as a variation of
the parameter L}, while the misfit strain is fixed. When practically performing the calculation, we choose
Winag 1N equation (26) to be wpag1 (M) defined in equation (2). We consider the case where the thickness of
the thin film is smaller than a period of the helical state of the material, in which case the conical state is
suppressed, so that the magnetization of the material can be expression by the Fourier representation as
[45, 46]:

n n;
m=mg+ Y ) mget [T (33)
i=1 j=1

where g;; denotes the reciprocal vectors of the undeformed EC, which is ordered in such a way that

‘qu <|qy| <|q5| < and gy =gyl = = |qin,- |. In equation (33), m, is a constant vector, and
5 ef, +wt
Fe=[e e e (34)
€ —w S55)

with &f; being the emergent elastic strains of the EC, and w® being the emergent rotational angle. In practice,
we truncate the expansion given in equation (33) at n = 3, and substitute it into equation (26) (one should

10
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notice that when n = 3, we have considered 18 Fourier terms in equation (33) while the well-known
triple-Q approximation considers only 6 terms). At given values of A7 and b, we minimize the free energy
with respect to my, mg,, €5, and w*®, which determines the equilibrium magnetization. Repeating this free
energy minimization process for different values of Ay and b, one obtains the variation of magnetization
with them, as well as the corresponding phase diagrams.

The calculation process introduced above is generally useful. For epitaxial thin film of materials in group
T subjected to condition (b), we consider the following thermodynamic parameters: Ar, = L},
Ar3 = Li57, and b, and minimize the free energy given in equation (27). For epitaxial thin film of materials
in group Cs, subjected to condition (b), we consider the following thermodynamic parameters:
Acs,1 = L, 57 Acs2 = Ly, 67 Acs,s = Ley, 77 Acs,a = L¢, 577 and b, and minimize the free energy given in
equation (29). For epitaxial thin film of materials in group D,; subjected to condition (b), we consider the
following thermodynamic parameters: Ap,;1 = L}, 37 and b, and minimize the free energy given in
equation (31). Softwares that permit symbolic calculations are helpful when doing the derivation, and we
have used mathematica in this work.
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