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Graphene-like (GL) materials have enriched the application prospects of two-dimensional materials by virtue of their various
structures and properties. However, the following theoretical issues remain unsolved: how can stable GL materials exist and is
plate idealization valid for any GL materials? Here we answer these questions based on an atomistic potential-based approach.
The existence criteria for GL materials with three common structures, including planar honeycomb (PH), buckled honeycomb
(BH), and honeycomb MX2 (2H-MX2) structures, were established. Moreover, the validity of classic linear-elastic plate models
for these materials was examined. A validity factor, which represents the validity of using thin plate models to investigate the
overall mechanical response of GL sheets, was defined. We determined that 2H-MX2 sheets can approximately be modeled as
thin plates for arbitrary loadings, unlike PH and BH sheets.
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1 Introduction

Two-dimensional (2-D) materials have attracted tremendous
attention from academia and industry since the discovery of
graphene [1]. Graphene is a single-atom-thick sheet with
carbon atoms arranged in a planar honeycomb (PH) lattice
with sp2 hybridization. Such unique structure guarantees
ultrahigh carrier mobility, flexibility, and thermal con-
ductivity; hence, graphene is considered a potential candi-
date for next-generation electronic applications [2].
However, the ideal graphene sheet is unsuitable for being
directly applied to logic devices because of the half-me-
tallicity [3]. Complex band-gap engineering is thus required

to tune the electronic properties of graphene without sig-
nificantly changing the other properties. To broaden the fa-
milies and application ranges of 2-D materials, scientists
started to explore graphene-like (GL) materials [4] that have
structures analogous to graphene. To date, several kinds of
GL materials have been successfully synthesized or ex-
foliated [5-13], such as silicene [5], 2-D h-BN [6], and sin-
gle-layer transition metal dichalcogenides (SLTMDs) [7].
These materials present a various electronic properties ran-
ging from metallic to insulating. For instance, a free-standing
silicene exhibits the characteristic of a conductor, while 2-D
h-BN is an insulator and most SLTMDs are semiconductors
[14]. The diversity of conductivity results in a broad range of
applications of GL materials in electronics, including in-
sulating layers, transistors, flexible display screens and solar

SCIENCE CHINA
Physics, Mechanics & Astronomy

*Corresponding author (email: wangbiao@mail.sysu.edu.cn)



cells [15-17].
Researchers have devoted considerable efforts to explore

the structural stability of GL materials through theoretical
and experimental analyses [18-20]. These works have ver-
ified that the GL materials have various structures that can be
classified into several categories [14]. Planar honeycomb
(PH), buckled honeycomb (BH), and honeycomb MX2 (2H-
MX2) structures are the three most common structures under
current investigation. These structures are illustrated in
Figure 1. Although the morphology of GL materials has been
extensively studied, the determinant of their stable existence
remains unclear. The structures of materials in the ground
state totally rely on their ways of bonding (e.g., a stable PH
configuration is ascribed to sp2 hybridization, and a material
with BH structure exhibits the sp2-sp3 hybridization).
Nonetheless, the relation between the bonding nature and
existence of GL materials has not been studied. At present, a
few unsolved issues remain on this topic: Can interatomic
bonding-related requirements for existence of GL materials
be found? What are the exact formulae of these require-
ments? How the bonding nature stabilizes GL materials?
The rise of micro- and nano-mechanics, involving the

development of multi-scale modeling, experimental techni-
ques, and interdisciplinary studies, has expanded the content
of mechanics [21,22]. Researchers strongly desire to take
advantage of the well-developed continuum mechanics ap-
proach to investigate the mechanical behavior of nanoscale
materials [23-28]. Actually, some of continuum mechanics
relationships may no longer be retained at the nanoscale le-
vel. For instance, different configuration descriptions of the
surface or the bulk thermo-hyperelastic constitutive equa-
tions of nanostructured materials are not the same even in
cases of infinitesimal deformation due to the existence of
surface residual stresses [29]. Visually, 2-D materials can be

modeled as thin plates. To this end, a thickness that links 2-D
discrete systems to continuum plate models, has to be de-
fined. Two kinds of thickness with two different definitions
are reported [30]. First, thickness is directly defined by in-
terlayered spacing d of corresponding layered structure (e.g.,
d = 0.34 nm for h-BN and d = 0.62 nm for MoS2). However,
such definition of thickness only applies to systems with in-
plane deformation. The second is effective thickness, whose
definition considers bending deformation. The mathematical
formulation is related to the ratio of bending to in-plane
stiffness by referring to the relation between the elastic
constant and bending stiffness matrices of thin plates. The
two definitions generally give the scattered values of thick-
ness and lead to Yakobson’s paradox [31]. Such divergence
is reduced as the number of atomic layer increases [32,33].
However, for arbitrary loadings, using thin plate models to
predict the properties of 2-D materials is usually con-
troversial. Indeed, the effective thickness of graphene de-
pends on types of loading [30]; as such, a universal constant
thickness cannot be defined. In other words, for arbitrary
loadings, thin plate idealization of graphene is of failure. The
following questions arise: Can GL materials be strictly
idealized as thin plates? If the answer is no, then what kinds
of GL materials can be approximately regarded as thin plates
when the system subject to arbitrary loadings?
Recently, we have analytically established an existence

criterion for low-dimensional materials directly from the
interatomic potential by considering their exotic geometrical
features [34]. The present study aims to answer existing is-
sues by using this approach. The paper is organized as fol-
lows. In sect. 2, we briefly describe the method and introduce
the formalism of interatomic potentials and the derivation
process of deformation-structural parameter relations to gain
analytical results. The existence criteria for GL materials
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Figure 1 (Color online) Three configurations of graphene-like 2-D materials. The unit cells are separately highlighted by dotted rhombuses. (a) The top
view of PH structure. The top views and side views of atoms in the square of (b) BH and (c) 2H-MX2 structures, respectively. In the BH structure, the
neighboring atoms are located in different parallel planes with the distance between these two planes being h0 (height of buckling). The 2H-MX2 structure has
three atomic planes, in which one plane of M atoms is sandwiched by the two other planes of X atoms.
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with the three structures shown in Figure 1 are derived in
sect. 3 to establish the requirements of the existence of such
materials. The requirements for 2H-MX2 are easier to be
satisfied than those for PH and BH materials. In sect. 4, we
discuss the validity of classical linear-elastic thin plate
models by utilizing the results in sect. 3. The global behavior
of 2H-MX2 sheets, especially of single-layer NbS2, is similar
to that of classical thin plates for arbitrary loadings. The
breakdown of thin plate models occurs in PH and BH sheets,
consistent with the results of theoretical studies to some
extents [32,33].

2 Methodology

2.1 Introduction of the existence criterion for 2-D
materials

Assuming that a crystal lies in a huge isochoric medium
without any external field (e.g., pressure, electromagnetic
field) applied, the Helmholtz free energy F of the crystal
should be kept to a minimum for its structure to be in the
state of thermodynamic equilibrium under isothermal con-
dition [35,36]. F can be expressed as:
F kT Z= ln , (1)v

where is the total interatomic potential of the crystal, k is
the Boltzmann constant, T is the thermodynamic tempera-
ture, and Zv is the part of the partition function depending on
vibration. Applying eq. (1) directly is not easy, because the
complete phonon spectrum is difficult to derive analytically.
The temperature effect should be eliminated to provide re-
quirements that clarify the existence of 2-D materials. In
low-temperature limit, the free energy F becomes approxi-
mately identical with the total interatomic potential Φ. Thus,
the existence criterion for 2-D materials with a specific
structure is established by the following two steps [34].
First, the extreme value conditions of the Φ of 2-D mate-

rials are derived. These conditions provide a set of equations
on the specific structures of materials in the equilibrium
state, and the geometric parameters of the structures (e.g.,
bond length rb, bond angle θ) can be derived by solving these
equations.
Second, the conditions of the mechanical stability of 2-D

materials are derived. Born [35] proposed that a crystalline
solid must be mechanically stable. Otherwise, the solid
would exhibit a structural phase transition, or even transform
into a liquid or gas. For 3-D materials, strain tensor {ε}
characterizes the macroscopic perturbation. The conditions
of mechanical stability of materials can be derived from the
positive definiteness of the quadratic terms of ϕ with respect
to {ε}. Unlike 3-D materials, 2-D materials are subject to in-
plane strain {ε}={εxx, εyy, εxy} and curvature
{ } = { ,  ,  }xx yy xy , which are caused by stretching and

bending, respectively. The mechanical stability conditions of
2-D materials can be derived from the positive definiteness
of the quadratic terms of Φ with respect to {ε} and {κ}.

These terms are defined as ( )e e= /e e,
2

0
, where

eαβ and eγδ denote the elements of {ε} or {κ}. The conditions
are consequently expressed in the form of inequalities for
several parameters of Φ. For GL materials, changes in the
total potential Φ are equivalent when the systems are sepa-
rately subjected to two equal and opposite curvatures.
Therefore, in the series expansion of Φ, the odd power of κ
vanishes. As such, for infinitesimal deformation, strain and
curvature are decoupled in energy. The quadratic terms of Φ
with respect to {ε} and {κ} form a 6×6 block diagonal ma-
trix:

N C 0
0 D= , (2)

where N denotes the number of unit cells. C and D are 3×3
matrices and their elements are N/{ },{ } and N/{ },{ } ,
respectively. As a result, the positive definiteness of C and D
represents the need for mechanical stability of GL materials.
The elements of C and D consist of two kinds of parameters:
derivatives of the interatomic potential with respect to the
structural parameters (e.g., r/2

b
2, / cos ), and de-

rivatives of the structural parameters with respect to the
macroscopic deformations (e.g., r e/2

b
2 , ecos / ).

The former depends on the elements that form GL materials,
and the latter can be derived analytically by constructing
deformation-structural parameter relations for the materials.
The criterion constructed by the above two-step atomistic

potential-based deduction can provide requirements for any
2-D material to exist. Since different kinds of atom-atom
bonding possess different interatomic potential, one can
clarify what kinds of atoms will form stable 2-D materials
according to this criterion. Furthermore, the criterion can
provide a guideline for scientists to choose a suitable in-
teratomic potential for computer simulation of 2-D materials.

2.2 Interatomic potential

In the following derivations, a well-defined interatomic po-
tential would be employed. The different kinds of intera-
tomic potentials for GL materials are embedded-atom
method potential [37], Stillinger-Weber (SW) potential [38]
and bond-order (BO) potential [39]. Generally, the choice of
these potentials in the field of atomistic modeling in-
vestigations is rather arbitrary. Here we will briefly sum-
marize the formalisms of SWand BO potential, respectively.

2.2.1 SW potential
Among the interatomic potentials that contain multi-body
(more than two) interaction, the functional form of SW po-
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tential is the simplest because it has the least parameters to be
fitted. The SW potential for n particles has the form [38]:

n V i V i j V i j k(1 … ) = ( ) + ( , ) + ( , , ), (3)
i i j

i j
i j k

i j k

1
,
<

2
, ,

< <

3

where V1 is the single-particle potential and can be con-
sidered as a constant in the absence of spatial-variation field
effects. V2 and V3 describe the two-body and three-body in-
teractions, respectively, and have the forms [40]:

( )

V i j
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B
r r a

r a
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where rij is the distance between atoms i and j, and θijk is the
angle between chemical bonds i-j and i-k. The parameter a
represents the cut-off distance, which is generally lower than
the distance of the second-nearest neighbor atoms. As a re-
sult, rij and θijk in eq. (4) denote the bond length and bond
angle of the system, respectively. A and ϵ are energy para-
meters, which indicate the strength of two-body and three-
body interaction, respectively. θ0 is the equilibrium value of
θijk. B and γ are length parameters, and depend on the types of
the interacting particles.
According to eqs. (3) and (4), for the system without

boundary effect, the potential per unit cell by assuming SW
potential is

( )

( ){ }N r

V r V

= { }, cos ,

= 1
2 ( ) + cos , (5)

i
i i

i
j

ij
j k

j k

ijk

b

Neighbor

2
,

3

where the summation is for the atoms in the same unit cell,
and i is the potential energy of atom i (set V1=0). The
variables r{ }b and { }i represent the sets of bond lengths that
connect i to its neighbors and bond angles with vertex i,
respectively.

2.2.2 BO potential
The BO potential is the most widely employed interatomic
potential for covalent bonding systems, yet it is complicated.
The functional form of the total potential for a system is

f r r B r= = ( ) ( ) ( ) , (6)
i j

ij
i j

ij ij ij ij
< <

c
R A

where ij is the interaction energy between atoms i and j, and

=ij ji.
The interaction range of two interacting particles is de-

termined by cutoff function fc(rij), and is given by

( )f r

r R

r R
S R R r S

r S

( ) =

1,                                   ,

1
2 + 1

2cos , < ,

0,                                   < .

(7)ij

ij ij

ij ij

ij ij
ij ij ij

ij ij

c

In general, Sij for covalent systems are less than the dis-
tance of the second-nearest neighbor atoms; as such, in the
interaction range of these systems is the distance of the
nearest neighbor.
ϕR and ϕA are pair-additive repulsive and attractive inter-

actions, respectively, and are taken as Morse-like potentials.
Bij is the total BO between atoms i and j, and it allows the
multi-body contributions to appear in the potential function.
The functional forms of Bij are various. Considering that an
atom with many neighbors forms weaker bonds than an atom
with fewer neighbors, Abell [41] considered Bij

2 to be in-
versely proportional to local coordination of i and j. Tersoff
[42] proposed an analytical form of Bij, which is only related
to bond angle (three-body interaction). Brenner [43] im-
proved the Tersoff-type BO potential for the systems with
strong π-bonding, and Bij has angular and dihedral (four-
body interaction) variables. In Brenner-type BO potential, Bij
can be written as:

( )

B
b b

F T

b f r P

T T

=
+
2 + + ,

= 1 + ( )g e + ,

= (1 cos ) ,

(8)

ij
ij ji

ij ij

ij ij ijk ij

ij
k i j l i j

ijk l

c

1
2

0
, ,

2

ijk

ijk

where bij and bji are covalent bonding terms, Fij is a con-
jugation term that depends on local conjugation, and Tij is a
dihedral torsion term. The function g(θijk) represents the
contribution of bond angles to the covalent bonding term and
can be expressed as a six-order spline function. λijk and Pij are
the correction factors, and the latter depends on the types of
coordinating atoms. φijkl is the dihedral torsion angle of the
atomic planes ijk and ijl. Hence the potential per unit cell has
the functional form:

( ){ }{ } { }

( ){ }N r

r

= { }, {cos }, cos ,

= 1
2 , cos , cos , cos ,

(9)
i

i

i
j

ij ij ij ji ij

b

Neighbour

where {θ} and {φ} are the sets of bond angles and dihedral
torsion angles which are related to atom i. θij is the bond
angle, which is related to chemical bond i-j, where atom i is
at the vertex of this angle. φij denotes the torsion angle which
is related to atoms i and j.
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Before we closed this section, we need to know about the
relation between the type of bonding (or bonding nature) and
variables in the formulation of the aforementioned potentials
for covalent systems. The bond length term is governed by
the length of σ bond and is the biggest contributor to po-
tential energy because of the high strength of the bond. In
general, the bond angle term involves the relative orientation
of σ bonds and the strength of π bond, while the torsion term
completely depends on π bond. Given that π bonding is
weak, the π bond component for angle term and the torsion
term in many covalent systems are negligible.

2.3 The deformation-structural parameter relations of
GL materials

In the field of nano-mechanics, developing a theory for
linking the macroscopic deformation of an atomistic system
to that of a continuum is crucial. The Cauchy-Born rule [44]
describes the strain energy on the atomistic level for bulk
materials, but it fails to extend directly to the 2-D materials
[45]. Wu et al. [46] modified the Cauchy-Born rule, and
developed an atomistic-based finite-deformation theory for a
single-atom-thick membrane (hereafter referred to as Wu’s
work). The membrane should be regarded as a single
smoothly curved surface in this theory, and its initial radius
of curvature should be much larger than the atomic spacing.
This theory can be applied to materials with the PH structure.
However, this theory is not applicable for BH and 2H-MX2

structures because the initial radius of the curvature is
comparable with the atomic spacing when using the de-
scription of a single smooth curved surface for these struc-
tures. In this section, we will extend Wu’s work to BH and
2H-MX2 structures, and derive the relation between macro-
scopic deformation (strain and curvature) and structural
parameters (bond lengths and bond angles) of the materials
with PH, BH and 2H-MX2 structures.
We will briefly introduce Wu’s demonstrations about the

PH structure before starting our investigations. As stated
above, all atoms of an undeformed material with the PH
structure lie in a plane. This plane can be curved while the
system is subject to strain and curvature. Wu et al. con-
structed a moving frame { }x yR T T N( , ); , ,x y on the surface,
where the curvilinear coordinate system is orthogonal. As-
suming that the relative position vector (RPV) of the nearest
neighbor atom pair, namely, i and j, in the deformed surface
denotes ( )( )r R R( , ) = , ,i j

x y
i
x

i
y

j
x

j
y , where

( ),x y is the curvilinear coordinates for atoms on the de-
formed surface. The difference between the two coordinates
can be expressed as ( )x r y r( , ) = + , +x y x y

0 0 ,
where x and y are the difference between the two co-
ordinates of atoms i and j on the undeformed surface (i.e.,

plane), and r0 is the equilibrium bond length. η is the in-plane
shift vector that represents the relative displacement of atoms
in a unit cell and exists in non-centrosymmetric systems.
When the characteristic length of deformation is much larger
than the atomic spacing, r ( , )i j

x y can be expanded as
follows:

R R

R

r ( , ) + 1
2

+1
6 , (10)

i j
x y 2

3

where x y, , = , , and the Einstein summation convention
is used. R T/ = are by definition the covariant base
vectors lying on the tangent surface, and has
T T = + 2 . The higher order derivatives of R in
eq. (10) are

R T N= + , (11a)
2

and

( )

TR T

T N N

=

+ + + , (11b)

v

µ
µ

v

v µ
µ v

3

where T , , and N are the contravariant components of
metric tensors for the covariant base vectors, second Chris-
toffel symbols and the unit normal vector to the deformed
surface, respectively. For infinitesimal deformation, can
be neglected. Thus, eq. (10) has the form:

T

O

r T

N

( , ) = 1
6

+1
2 + ( ). (12)

i j
x y

µ
µ

3

When the system is simultaneously subjected to strain and
curvature, and then the bond length and angle of PH structure
are given by
r r r

r r
r r

r r
r r

r r
r r

({ }, { }, ) = ,

({ }, { }, ) = arccos ,

({ }, { }, ) = arccos
×  
×

×  
× .

(13)

i j i j i j

ijk
i j i k

i j i k

ijkl
i k i j

i k i j

i j i l

i j i l

Therefore, the bond length and angle are related to strain,
curvature, and in-plane shift vector. However, the in-plane
shift vector is not an independent variable and can be de-
termined by minimizing the total potential energy with
respect to η:

= 0, (14a)

which gives:
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= ({ }, { }). (14b)
Unlike the PH structure, the BH structure contains two

atomic planes and the 2H-MX2 structure contains three
atomic planes. Eq. (12) is no longer applicable for these two
structures because the nearest neighbor atoms are placed in
different planes. Analogous to Wu’s work, we consider that
BH and 2H-MX2 structures consist of three surfaces: the
upper surface (S+), the middle surface (S) and the bottom
surface (S−). S is considered as a reference surface, i.e., the
strain and curvature of the materials are defined as those of S.
Hence, S is the surface that is considered in the Wu’s work.
d+ and d− denote the distances between S+ and S, and between
S− and S, respectively. We construct a moving frame

{ }x yR T T N( , ); , ,x y with an orthogonal curvilinear coordinate
system on S. Figure 2 illustrates S+, S, and S− in the deformed
state.
In the case of a material with the BH structure, S+ contains

all the atoms of one of the sub-lattices, and S− contains the
rest. The height of buckling h0 is equal to d

+ plus d− in the
equilibrium (undeformed) state, and it would be altered into
h h= (1 + )0 in the deformed state, where ζ denotes the out-
of-plane shift. We assume that atom A1 is located in S

− and its
nearest neighbor, atom B1 is located in S

+. The points A1′ and
B1′ in Figure 2(a) are the projections of A1 and B1 onto S. The
unit normal vectors at A1′ and B1′ denote NA1

and NB1
,

respectively. The RPV of A1 and B1 is
d

d

r r N

N

= ( , ) +

+ , (15)

x y
A -B A -B A

+
B

1 1 1 1 1

1

where the definition of ( , )x y in eq. (15) are the same as

that in Wu’s work. For infinitesimal deformation, the form of
rA -B1 1

is shown in eq. (12), and NB1
is obtained by Taylor

series expansion:

N N
N N

+ + 1
2 . (16)B A

A
2

A
1 1

1 1

Note that the second Christoffel symbol equals zero in this
case, the first- and second-order derivatives in eq. (16) are

T

T

N
T

N
N

= ,

= .
(17)

µ
µ

A

2
A

1

1

NB1
then becomes

T

T O

N N

T

= 1 1
2

+ ( ). (18)

µ
µ

B A

3

1 1

According to eq. (15), we have

)
(

d T

T

h

d T

r

T

N

1
6

+ + 1
2

2 . (19)

µ
µ

µ
µ

A -B
+

+

A

1 1

1

The bond length and angle are

r r r

r r
r r

({ }, { }, , ) = ,

({ }, { }, , ) = arccos .
(20)

A -B A -B A -B

A B B
A -B A -B

A -B A -B

1 1 1 1 1 1

1 1 2

1 1 1 2

1 1 1 2

Similarly, η and ζ are determined by minimizing Φ, which
results in

= ({ }, { }),  = ({ }, { }). (21)

For the 2H-MX2 structure, M atoms are placed in S, and X
atoms are located in S+ and S−. The stacking order of the three
atomic planes is an ABA stacking sequence. In the equili-
brium state, d+ and d− are identical with d0, and they would
transform d d= (1 + )+

0
+ and d d= (1 + )0 , respectively,

in the deformed state. The RPV of a nearest neighbor atom
pair in the 2H-MX2 structure has the form:

dr r N= ( , ) ± , (22)x y
M -X M -X

± ± ±
X1 1

±
1 1

±
1
±

where X± denotes the X atoms in S ±, X±′ is the projection of
X± onto S, and x a y a( , ) = ( + , + )x y

x y
± ±

0
±

0
± are

the curvilinear coordinates for X± in the deformed state.
The following derivations are similar to those of the BH

case. The forms of rM -X1 1
± and NX1

± are shown in eqs. (12) and

(a)
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N ′
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X
3
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Figure 2 (Color online) Schematic representations of RPV of the nearest
neighbor atom pairs of deformed (a) BH and (b) 2H-MX2 structures. The
directions of corresponding curvatures are negative (downward).
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(18), respectively. Eq. (22) can be rewritten as:

(
)

)
(

d T

T

d

d T

r

T

N

=

1
6

+ ± + 1
2

2 . (23)

µ
µ

µ
µ

M -X
± ± ±

± ± ±

± ± ±

± ± ±
M

1 1
±

1

The bond length and angle can be separately derived by
calculating the norm of eq. (23) and the dot product of two
RPVs that share the same endpoint. The in-plane shift vec-
tors and out-of-plane shift are also related to strain and
curvature:

= ({ }, { }),   = ({ }, { }). (24)± ±

3 Existence criteria for GL materials

The existence criterion is constructed by a two-step deduc-
tion; for GL materials, the conditions of mechanical stability
are derived from the positive definiteness of C and D.
Considering the hexagonal symmetry, we obtain the set of
relations:

C C C C C C C
D D D D D D D

= ,  = 2(  ),  = = 0,
= ,  = 2(  ),  = = 0,

(25)11 22 33 11 12 13 23

11 22 33 11 12 13 23

when the sizes of these systems are quite large and the
boundary effect can be eliminated. The positive definiteness
of C and D obeys the requirements:

C C
C C

D D
D D

+ > 0,
> 0,   

+ > 0,
> 0, (26)11 12

11 12

11 12

11 12

respectively.
The structural stability of a material with the PH structure

is largely associated with the π-bonding [19,34]. In this
sense, we employ BO potential to investigate the material
with the PH structure. The functional form of potential per
unit cell is presented in eq. (9). For PH materials, the po-
tential can be expressed in a detailed form:

(
) (

)

{ } { }
{ } { }
{ } { }

r

r

= 1
2 , cos , cos ,

cos + , cos ,

cos , cos ,

= , (27)

m
i j i j i j j i

i j j i j i i j

j i i j

m
i j

=1

3

=1

3

m m m

m m m

m m

m

1 1 1 1

1 1 1 1

1 1

1

where i and j denote two different types of atoms in a unit
cell.
In the equilibrium state, all bond lengths in PH materials

are equal, and all dihedral torsion angles are zero. The re-
quirements of the extreme value condition for the potential
energy with respect to rb and can be expressed as follows
because of lack of geometric constraint for bond length rb and
torsion angle ,

r = 0,

= cos ( sin ) = 0,
(28a)

ij

ij ij

0

0 0
=0

where the subscript “0” denotes the values in the equilibrium
state. Given that (sin ) =0 is intrinsically equal to zero,

( )/ cosij 0
is probably nonzero.

All equilibrium bond angles are equal to 2π/3, and they are
not independent of one another. Any angle in the PH struc-
ture is geometrically equivalent to the one of the angles in

{ ,  ,  }1 2 3 and has = 2
=1

3
. However, in the viewpoint

of energy, two kinds of bond angle sets exist in eq. (27):

{ }{ } = , ,i i i i
1 2 3 and { } { }= , ,j j j j

1 2 3 (the angles are
shown in Figure 1(a)). The summation of the element of each
kind is also equal to 2π. Using Lagrange conditional ex-
tremum theory, we obtain

= = = ,

= = = ,
 (28b)i i i

i

j j j
j

1 2 3

1 2 3

where i and j are Lagrange multipliers. In accordance with
the constraints, these multipliers can be calculated by solving
eq. (28b). Generally, i and j are not the same because the
contributions to the potential energy for each kind of bond
angles are different, except for the same types of atoms i and
j. As eq. (28b) yields

cos = 3
3 , 

cos = 3
3 ,

(28c)

ij

i
i

ij

j
j

0

0

the values of ( )/ cosij i 0
and ( )/ cosij j 0

are nonzero

and different.
Eq. (28) indicates the extreme value conditions of for PH

materials. The structural parameters of the materials are
determined by solving such equations.
The subsequent step is deriving the conditions of me-

chanical stability for PH materials. According to the analy-
tical form of BO potential (eqs. (27) and (28)), the elements
of C and D can be expanded as follows:
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{ }

{ }

N r

r

e

r

e

e e

e e

r
r
e e

r
e e

e e

r
r
e e

r
e e

e e

=

+
cos

cos

+ cos
cos cos

+ cos
cos + cos

+2
cos

cos

+ cos
cos + cos

+2
cos cos

× cos cos , (29)

e e

m

ij i j i j

ij

ij

ij i j i j

ij

ij i j i j

ij

,

=1

3 2

2

=

2

=

2

2

2

=

2

2

; , =

2

0

m m

i jm

i jm

m m

i jm

m m

i jm

1 1

1

1

1 1

1

1 1

1

where we define

r r r

cos = 1
2 cos + cos ,

cos = 1
2 cos + cos ,

cos cos = 1
2 cos cos + cos cos .

(30)

ij ij

i

ij

j

ij ij

i

ij

j

ij ij

i i

ij

j j

2 2 2

2 2 2

The deformation-structural parameter relations for PH
materials are presented in eqs. (12) and (13), where the in-
plane shift vector has the form:

F
F

= 1
2 ( ),

= ,
(31)x xx yy

y xy

where the derivation process and analytical expression of F
are shown in Appendix. By substituting eqs. (12), (13), and
(31) into eq. (29), the elements of C and D are derived, and
their analytical expressions are available in eqs. (a3) and
(a4). Table 1 presents the results for PH materials, which
have been successfully synthesized, except for SiC. Ob-
viously, the conditions in eq. (26) are satisfied for the BH
materials in Table 1.
The strength of π-bonding in BH materials is generally

weak. In other words, the four-body interaction and high
order interactions in these systems are negligible. For sim-
plicity, SW potential is used. The potential per unit cell for a

BH material is

( ) ( )
N V r

V V

= ( )

+ cos + cos . (32)

m

m n
m n

=1

3

2 A B

,
>

3

3 A B B 3 B A A

m

m n m n

1

1 1

Given the lack of geometric constraints for bond length rb
and height of buckling h, we have the extreme value con-
ditions:

V
r

h
r

V
r

h a
r

V V

= 0,

+ 3
cos + cos = 0.

(33a)

2

0

0
0

2

0

0 0
2

0
4

3

A

3

B 0

Two independent conditions respectively make the second
equation in eq. (33a) true: h = 00 and ( V / cos +3 A

)V / cos = 03 B 0 . The former corresponds to the case of
materials with the PH structure. For BP materials, the latter
condition must be met. According to the analytical form of
SW potential, the sign of ( )V / cos3 A 0

is generally the same

with that of ( )V / cos3 B 0
. Hence, the second equation in eq.

(33a) gives

V V
cos = cos = 0. (33b)3

A 0

3

B 0

According to eqs. (32) and (33), the elements of C and D
have the forms:

N
V
r

r
e

r
e

V
e e

V
e e

=

+
cos

cos cos

+
cos

cos cos
. (34)

e e

m

m n
m n

m n
m n

B A A B A A

,

=1

3 2
2

2
A -B A -B

,
>

3 2
3

A
2

A B B A B B

,
>

3 2
3

B
2

m m

m n m n

m n m n

1 1

1 1

1 1

Eqs. (19) and (20) show the deformation-structural para-
meter relations for BH materials. The shift vector has the
form:

Table 1 The structural parameters and numerical values of elements of C
and D for PH materials

PH materials a0 (Å) C11 (eV) C12 (eV)
D11

(eV Å2)
D12

(eV Å2)

C [42] 1.42 94.36 37.48 11.08 2.55

BN [47] 1.44 93.43 29.06 10.79 3.87

SiC [48] 1.82 95.78 18.79 4.68 4.55

GaN [49] 1.93 67.31 36.62 0.23 0.19
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( )

G
G

H

= 1
2 ( ),

= ,

= + .

(35)
x xx yy

y xy

xx yy

The analytical expressions of G, H and elements of C and
D are shown in eqs. (a9)-(a13). The results for the BH ma-
terials, which have been proved to be stable by experimental
studies and theoretical derivations, are provided in Table 2.
The conditions in eq. (26) are satisfied for the BH materials
in Table 2.
In the case of a material with the 2H-MX2 structure, we

also employ SW potential. The potential energy per unit cell
has the form:

( )

( )

( )

N V r

V

V

V

= ( )

+ cos

+ cos

+ cos . (36)

n

m n
m n

n

m n
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=1

3

=±
2 M -X

, =1
>

3

=±
3 M X X

=1

3

, =±
3 M X X

, =1
>

3

=±
3 X M M

n

n m

n n

n n m

1

1

,

1

Similarly, given the lack of geometric constraints for bond
length rb and interlayer distance h, the extreme value con-
ditions are

V
r

V V

V

= 0,

cos = cos

= cos = 0.

(37)

2

0

3

M X X 0

3

M X X 0

3

X M M 0

n m n n

n n m

1 1

According to eqs. (36) and (37), the elements of C and D
can be expressed as:

N
V
r

r
e

r
e

V

e e

V

e e

V

e e
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+ cos

×
cos cos

+ cos

×
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Eq. (25) shows the deformation-structural parameter re-
lations for 2H-MX2 materials. The shift vector has the form:

( ) ( )

I J

I J

L N

= 1
2 ( ) ± 1

2 ( ),

= ,

= + ± + .

(39)
x xx yy xx yy

y xy xy

xx yy xx yy

±

±

±

The analytical expressions of I, J, L, M and elements of C
and D are given in eqs. (a21)-(a31). The results for the 2H-
MX2 materials that were successfully synthesized in the la-
boratory are reported in Table 3. Clearly, the conditions in
eq. (26) are met for the 2H-MX2 materials in Table 3.
The out-of-plane deformation is a new nano-mechanical

phenomenon [32]. Hence, we believe that D shows the
leading feature of stability of low-dimensional materials. The
matrix D for PH and BH materials is irrelevant to the deri-
vative of the interatomic potential with respect to the bond
length (eqs. (a4) and (a13)). Given that this derivative re-
presents the strength of σ bond, BH and PH materials may
exhibit low ability to resist out-of-plane perturbation; as
such, their existence criteria are somehow draconian (eqs.
(a7) and (a19)). For 2H-MX2 materials, however, the ana-
lytical expression of matrix D possesses the bond length-
related derivative (eq. (a31)), indicating that this matrix
contains more contributions of σ bond. Such materials have
relatively high bending capacity, and meet the requirements
of their existence criteria is not difficult. Hence, BH and PH
materials are sometimes difficult to be isolated or synthe-
sized in the laboratory; by contrast, 2H-MX2 materials can be
easily exfoliated from their bulk materials.

Table 2 The structural parameters and numerical values of elements of C
and D for BH materials. The parameters of interatomic potentials are ac-
quired from ref. [39]

BH
materials a0 (Å) h0 (Å) C11 (eV) C12 (eV)

D11
(eV Å2)

D12
(eV Å2)

Si 2.23 0.45 53.31 8.08 8.12 2.71

Ge 2.34 0.69 49.97 9.34 16.55 5.52

Sn 2.70 0.86 21.96 5.54 9.75 3.25

SiGe 2.25 0.54 46.25 7.48 9.97 3.32

SnSi 2.43 0.67 38.59 5.44 13.23 4.41

InP 2.41 0.51 38.26 6.69 6.98 2.33

InAs 2.47 0.63 35.43 6.08 10.12 3.37

InSb 2.64 0.74 33.82 5.73 13.37 4.46

GaAs 2.29 0.56 44.81 5.78 11.29 3.76

GaP 2.22 0.38 44.59 5.32 5.36 1.79

AlSb 2.50 0.60 44.14 6.74 11.82 3.94
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4 The validity of plate models for GL materials

According to classical linear-elastic plate theory, the relation
between elastic constant matrix at the plane-stress condition
and bending stiffness matrix is [50]

hD C= 12 , (40)P
P

3

P

where hP is the thickness of the plate. Assuming the presence
of universal constant effective thickness heff, by definition of
C and D in this paper, we have

Sh SC C D D= ,      = , (41)P
eff

P

where S is the area of a unit cell in a 2-D material. If the 2-D
system under arbitrary loadings can be idealized as a linear-
elastic plate, CP and DP in eq. (41) must satisfy eq. (40). In
other words, as long as the multiple relationships between C
and D are met, classical thin plate models are applicable to
2-D materials. Otherwise, a universal constant thickness
cannot be defined, and the effective thickness depends on the
type of loading [30]. For instance, when the 2-D material is
subjected to uniaxial bending (e.g., = = 0yy xy ), the ef-

fective thickness is h D C= 12 /eff
11

11 11; for torsion

( = = 0xx yy ) the thickness becomes h D C= 12 /eff
33

33 33. If
the multiple relationships betweenC andD are violated, then
heff

11 may not be equal to heff
33. As a result, according to

eq. (25), when
C
C

D
D= , (42)11

12

11

12

the GL material under arbitrary loadings can be modeled as
an isotropic thin plate.
For the materials in Tables 1-3, eq. (42) is not rigorously

satisfied. As such, these materials cannot be strictly idealized
as thin plates. Here we define a factor of validity:

t C C D D
C C D D= Min( / , / )

Max( / , / ) × 100%, (43)11 12 11 12

11 12 11 12

which represents the validity of using thin plate models to

investigate the overall mechanical response of GL sheets. An
extreme case of t = 100% means that the 2-D sheet can be
completely regarded as a classical thin plate.
The results for the GL materials discussed in the previous

section are presented in Figure 3. Among these materials,
single-layer NbS2 has the highest value of t = 99.5% which is
very close to 100%. PH SiC has the lowest t = 20.2%, and it
results in highly scattered values of effective thickness. Thus
the phenomenon of so called ‘‘Yakobson’s paradox’’ [31] is
evident for this material.
As shown in Figure 3, factors t (the percentages in

Figure 3) for the materials with 2H-MX2 structure is higher
than those for PH and BH materials on the whole. This result
can be attributed to the three-atom-thick nature of 2H-MX2

structure. When the 2H-MX2 material is subjected to a po-
sitive curvature, the length of the chemical bond that con-
nects M to X+ (r M-X +) is shortened, while rM-X is elongated.
This behavior is analogous to the strain response of classical
thin plate under pure bending distortion. On the other hand,
asymmetric tensile and compressive strains on the different
sides of the natural surface of thin plates are on the order of κ.
The change in the element length of the plate along the
principal curvature is also on the order of κ, unless the ele-
ment is located on the natural surface. For a bent 2H-MX2

sheet, the change in the bond length is r ~b , while for bent
PH and BH sheets, the length is r ~b

2. Moreover, in the
viewpoint of the bonding nature, the breakdown of thin plate
theory for single-atom-thick sheet is caused by the lack of σ
bond participation while the sheet is bending [32]. As
mentioned above, the changes in the length and relative or-
ientation of σ bonds in the bent 2H-MX2 sheet are larger than
those in the bent PH and BH sheets. In contrast to PH and BH
sheets, the structural response of 2H-MX2 for arbitrary
loading sheet closely resembles that of classical thin plate.
Given the single-atom-thick nature, the bending behavior

of PH materials significantly differs from that of classic thin
plate. According to eqs. (a3) and (a4), the bending resistance
for PH materials is mainly related to π bonding (note the

Table 3 The structural parameters and numerical values of elements of C and D for BH materials. The parameters of interatomic potentials are acquired
from ref. [39]

BH materials a0 (Å) d0 (Å) C11 (eV) C12 (eV) D11 (eV Å2) D12 (eV Å2)

MoS2 1.80 1.60 55.39 14.87 73.62 19.50

MoSe2 1.92 1.65 65.34 15.35 104.69 26.39

MoTe2 2.05 1.80 57.97 14.31 108.97 27.89

WS2 1.81 1.56 68.31 14.43 99.07 24.83

WSe2 1.88 1.67 74.18 14.60 123.19 30.70

NbS2 1.91 1.56 56.52 15.22 73.32 19.66

NbSe2 1.99 1.67 57.05 16.58 90.93 23.37

TaS2 1.91 1.58 56.36 15.32 74.01 19.89

TaSe2 1.98 1.67 57.10 16.70 81.20 22.18
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value of ( )/ cosij 0
completely depends on the strength

of π bond). For thin plates, the bending resistance originates
from σ-bond distortion. Therefore, the relatively low value of
t of PH materials is not surprising.
A bent BH material involves extension and compression

on different sides of S because the material has an atomic-
scale out-of-plane buckling. Intuitively, BH material has a
higher applicability of classical thin plate models than PH
material. As shown in Figure 3(a) and (b), the value of t is not
significantly different between these two kinds of GL ma-
terials. This finding can be explained as follows. Given that
the BO potential employed does not contain long-range in-
teraction (it is valid for most covalent bonding systems), the
atoms of BH materials in the same atomic plane are not
interacting even the systems are stretched or bent. That is, the
potential energy of BH materials has nothing to do with in-
plane atomic interaction. Nevertheless, for a classic plate
with macroscopic thickness, the bending strain energy is
dominated by in-plane strain on each layer. Such differences
in the generation of strain energy lead to the breakdown of
thin plate models in the BH materials.

5 Concluding remarks

We have used an atomistic potential-based approach to es-
tablish the existence criteria for PH, BH and 2H-MX2 ma-
terials. We also discuss the validity of plate idealization for
these materials. The deformation-structural parameter rela-

tions for two- and three-atom layered structures were con-
structed to acquire analytical expressions of the criteria. In
contrast to PH and BH materials, 2H-MX2 materials can
easily exist in isolation as σ bond strengthens their bending
capacity. The validity of the thin plate models was in-
vestigated by analyzing the multiple relations between C and
D, whose elements are the quadratic terms of the potential
energy. To facilitate the analysis, we propose a factor of
validity to examine the validity of plate idealization. The
results show that all of the three kinds of GL materials under
arbitrary loadings cannot be strictly idealized as thin plates.
Nevertheless, the plate idealization of 2H-MX2 sheets may
be appropriate because their structural response is analogous
to that of thin plates for arbitrary loadings. Moreover, al-
though the BH materials investigated possess multi-layered
nature, they cannot be modeled as thin plates due to the
weakness of long-range interaction for covalent bonding
systems. The approach and analysis in this paper are ap-
plicable to other 2-D materials, such phosphorene [51].
Therefore, the results are valuable in understanding and de-
veloping mechanics of 2-D materials.
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Appendix Analytical expressions of shift vector
and elements of C and D for PH, BH and 2H-
MX2 materials

As mentioned in sect. 2.3, the shift vector η is determined by
solving eq. (14a). In the case of PH materials, these equations
can be expanded as:

= +

+ = 0, (a1)

,

2 2

2

with respect to infinitesimal deformation, where α, β, γ=x, y.
Eq. (a1) yields eq. (31) without considering boundary effect,
and analytical expression of F in eq. (31) is

F

r
r

r r r r
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The elements of C and D are
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Then the conditions of positive definiteness of C and D
become
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For BH materials, the in-plane shift vector η and out-of-
plane shift ζ are determined by
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Eq. (a8) yields eq. (35) where G and H are
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In substituting eqs. (20) and (35) into eq. (34), we have the
elements of C and D:
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Then the conditions of positive definiteness of C and D
become
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For 2H-MX2 materials, the in-plane shift vector η
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In substituting eqs. (23) and (39) into eq. (38), we have the
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