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The interaction of a tilted magnetic field and the intrinsic anisotropy of magnetic thin films leads to profound
effects on the deformation, orientation, and stability of the skyrmion crystal (SkX) phase, which has yet to be
explored comprehensively. Here, we study the combined effects of a tilted magnetic field and the exchange
anisotropy on SkX in thin films of helimagnets. By applying an analytical framework suitable for deformed or
rotated SkX, not only the strength of the magnetic field but also the polar angle and the azimuthal angle, which
describe the direction of the magnetic field, are found to affect the stability of SkX. Moreover, they reorientate
SkX at certain conditions. Our findings pave a way for the manipulation of SkX.
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Introduction. Magnetic skyrmions are topologically pro-
tected emergent particles, which have a nontrivial spin texture
with opposite magnetization directions at the center and the
edge. In helimagnets with broken spatial inversion symmetry
[1–15] or in interfacially asymmetric multilayers [16–18],
skyrmions can be stabilized by the Dzyaloshinskii-Moriya
interaction (DMI) in varies states, including the skyrmion
crystal (SkX) phase, skyrmion glass [5], skyrmion clusters
[9], and isolated skyrmions. Due to their small size, high ro-
bustness, and facile current driven motion [19,20], skyrmions
have great potential in the next generation spintronic devices.
Skyrmion-based storage devices, logic gates [21], and race-
track memories [22] can be expected to have a high memory
density and suffer less from the Joule heat.

Since the experimental discovery of skyrmions in heli-
magnets, their manipulation has attracted growing scientific
interest. Various external fields were applied to control the
stability, deformation, motion, and excitation of skyrmions
[7,23–34]. As an important ingredient for the manipulation of
skyrmions, a magnetic field is widely considered in the studies
of skyrmions in helimagnets. Different kinds of magnetic
fields, including oscillating [30], pulse [31], and static fields,
and uniform and gradient fields [32], have been applied to
investigate the responses of skyrmions, where the magnetic
field is mostly applied perpendicular to the skyrmion plane. In
the several cases where a tilted magnetic field [26,29,35–40]
is considered, the effect of the azimuthal angle, which char-
acterizes the in-plane direction of the magnetic field, is not
discussed.

When isolated skyrmions condense to SkX, their in-plane
axial symmetry is reduced to hexagonal symmetry [41]. As a
result, the orientation of SkX will be affected by the azimuthal
angle of a tilted magnetic field. Furthermore, if the intrinsic
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anisotropy of helimagnets, e.g., exchange anisotropy [42], is
considered, the interplay between intrinsic in-plane anisotropy
and anisotropy of a magnetic field will result in complex
direction-related effects on SkX. Not only the orientation
but also the stability of SkX are expected to be affected by
the azimuthal angle. Thus, the azimuthal angle of a tilted
magnetic field may have a significant effect on the SkX,
which may lead to an effective approach to manipulating
SkX.

SkX stabilized in a tilted magnetic field consists of two
types: Néel SkX or anti-SkX in bulk polar magnets [35–40],
and Bloch SkX in thin films of helimagnets [26,29]. In this
Rapid Communication, we focus on the latter type, and study
the combined effects of a tilted magnetic field and the ex-
change anisotropy on Bloch SkX in films of helimagnets. We
apply a continuous free-energy-density model with exchange
anisotropy included and describe SkX by a Fourier expansion
with deformation-related degrees of freedom [42,43]. Via
minimization of free-energy density, we obtain the analytical
expressions for different magnetic phases, including the he-
lical phase, ferromagnetic phase, and SkX. Here, the conical
phase is not considered, because in thin films of helimagnets
with a sufficiently small thickness (less than the period of
the conical phase), the conical phase is suppressed [6]. By
plotting the phase diagrams, we find that the stable region
of SkX in the phase diagram varies with both the polar
and azimuthal angles. To investigate the rotation of SkX
under a tilted magnetic field, we first consider separately
the effects of a tilted magnetic field and the effects of the
exchange anisotropy, and we find that a tilted magnetic field
tends to orientate SkX with one of the wave vectors along
its in-plane component, while exchange anisotropy tends to
orientate SkX with one of the wave vectors along the x
or y axis. When both the tilted magnetic field and the ex-
change anisotropy are considered, directional effects arise,
and all the three parameters describing a tilted magnetic
field, its strength, polar angle, and azimuthal angle, can rotate
SkX.

2469-9950/2019/99(18)/180406(5) 180406-1 ©2019 American Physical Society

http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.99.180406&domain=pdf&date_stamp=2019-05-10
https://doi.org/10.1103/PhysRevB.99.180406


XUEJIN WAN, YANGFAN HU, AND BIAO WANG PHYSICAL REVIEW B 99, 180406(R) (2019)

Methods. We use the rescaled free-energy density [42]

ω̃(m) =
3∑

i=1

(
∂m
∂ri

)2

+ 2m · (∇ × m) − 2b · m

+ tm2 + m4 + ae

3∑
i=1

(
∂mi

∂ri

)2

. (1)

Here, the magnetization m is chosen as the three-dimensional
order parameter field. The first two terms in Eq. (1) represent,
respectively, the exchange interaction and the DMI. The third
term is the Zeeman coupling to an external magnetic field
b = b[cos ϕ sin θ, sin ϕ sin θ, cos θ ]T (θ and ϕ are the polar
angle and azimuthal angle in the spherical coordinates, respec-
tively). tm2 + m4 consists of the second- and fourth-order
terms of Landau expansion with rescaled temperature t . The
last term is the exchange anisotropy with coefficient ae.

As to the mathematical description for the magnetization
texture in helimagnet thin films, we apply the following n-
order Fourier representation,

m = m0 +
n∑

i=1

ni∑
j=1

mqi j e
iqd

i j ·r. (2)

Here, m0 = [m01, m02, m03]T is the averaged magnetization,
and ni stands for the number of ith-order waves which have
the same wavelength (see Ref. [41] for values of some ni). qi j

( j = 1, 2, . . . , ni) are the ith-order undeformed wave vectors,
which can be seen as vectors of the reciprocal lattice spanned
by the basis q11 and q12. Without loss of generality, for

hexagonal SkX, we set q11 = [0, 1]T and q12 = [−
√

3
2 ,− 1

2 ]
T
.

qd
i j ( j = 1, 2, . . . , ni) are the ith-order deformed wave vectors,

and they are related to the undeformed wave vectors by

qd
i j =

[
1 + ε

q
11 ε

q
12 + ωq

ε
q
12 − ωq 1 + ε

q
22

]
qi j, (3)

where ε
q
11, ε

q
22, ε

q
12, and ωq are parameters reflecting

the shape deformation of the SkX. In reciprocal space,
ε

q
11 and ε

q
22 account for the elongation of the x axis

and y axis; ε
q
12 and ωq account for the shear deforma-

tion and rotation of the xy plane. mqi j denotes the wave
polarization. With Pi j1 = 1√

2|qi j | [−iqi jy, iqi jx, |qi j |]T, Pi j2 =
1

|qi j | [qi jx, qi jy, 0]T, and Pi j3 = 1√
2|qi j | [iqi jy,−iqi jx, |qi j |]T as

the orthonormal basis, mqi j can be expressed in the following
form,

mqi j =
3∑

k=1

ci jkPi jk, (4)

where ci jk = cre
i jk + icim

i jk (k = 1, 2, 3) are the complex expan-
sion coefficients.

For undeformed SkX with hexagonal symmetry, we have
the following restrictions on ci jk ,

ci jk = cilk (qi j + qil �= 0), (5a)

ci jk = c∗
ilk (qi j + qil = 0), (5b)

while, for deformed SkX, the restrictions Eq. (5a) should be
discarded. As a result, 7 + ∑n

i=1 3ni parameters are needed

to describe the SkX magnetization texture. They are the
shape-related ones ε

q
11, ε

q
22, ε

q
12, ωq, and the internal-structure-

related ones, m01, m02, m03, cre
i jk , cim

i jk (i = 1, 2, . . . , n; j =
1, 2, . . . , ni

2 ; k = 1, 2, 3). Here, we chose qi j = −qil for l =
j + ni

2 ; therefore, ci jk = c∗
i( j+ni/2)k . At fixed temperature t ,

applied tilted magnetic field b, and exchange anisotropy ae,
these parameters are obtained via minimization of the rescaled
free-energy-density Eq. (1). Here, we chose the order of
Fourier expansion n = 3 [42]. It should be emphasized that
Eq. (2) can be used to describe not only the deformed (or
undeformed) SkX but also the helical phase and ferromagnetic
phase. For the helical phase, the coefficients ci jk are nonzero
only along one certain qi j direction; for the ferromagnetic
phase, ci jk are all zero.

Stability of SkX. It has been shown by Monte Carlo sim-
ulation that the stability of Bloch SkX in thin films depends
on the polar angle of a tilted magnetic field [26,29]. In
these simulation works, due to the necessary discretization
step, the anisotropic energy which resembles the crystal field
anisotropy in real materials arises naturally. This means that
in-plane directions are not all equivalent. Therefore, the az-
imuthal angle characterizing the direction of anisotropy in-
duced by a magnetic field will play an important role in the
behaviors of SkX. Regretfully, no attention has been paid to it.
Different from the simulation method, the model we applied
is a continuous one in Eq. (1) with exchange anisotropy con-
sidered. We set the rescaled exchange anisotropy coefficient
ae = −0.05, and first study the effects of azimuthal and polar
angles on SkX stability. At different b, t , θ , and ϕ, we solve
the equilibrium state by minimizing the averaged free energy.
Some of the results are plotted in the phase diagrams of Fig. 1.

For a fixed polar angle θ = 50◦, the azimuthal angle has
a noticeable influence on the stability of SkX. As shown in
Figs. 1(a)–1(c), with increasing azimuthal angle ϕ, the area of
the region where SkX exists as an equilibrium state decreases
and reaches its minimum at ϕ = 45◦ (we need not consider
the interval 45◦ � ϕ � 90◦, because the exchange anisotropy
permits the equivalence of the x and y axes). It can be also
found that the helical phase is stable in two separate regions in
the phase diagrams: The major one is at a low magnetic field
and the minor one is at a high magnetic field. By increasing
the magnetic field, we expect to observe the phase transitions
from the helical phase to SkX then back to the helical phase
and finally at a sufficient high magnetic field to ferromagnetic
phase. A similar phenomenon has been observed in FeGe film
[27].

Figures 1(d) and 1(e), together with Fig. 1(c), show the
influence of the polar angle on the stability of SkX. It can
be concluded that a lower polar angle favors SkX. This agrees
with the Monte Carlo simulation results [26]. By comparing
Figs. 1(d) and 1(e), we find that the difference between the
phase diagrams at θ = 25◦ and θ = 0◦ is not so obvious.
While this is not the case for the phase diagrams at θ = 50◦
and θ = 25◦, the stable region of SkX in Fig. 1(c) is much
smaller than that in Fig. 1(d). Moreover, at a low polar angle,
the helical phase at high magnetic field disappears. To work
this out, we draw the b-θ phase diagram at the azimuthal angle
ϕ = 45◦ in Fig. 1(f). It is found that the phase transition line
between the ferromagnetic phase and SkX is almost horizon-
tal, meaning that the azimuthal angle does not influence so
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(°)

FIG. 1. (a)–(c) Magnetic field-temperature (b-t) phase diagrams
at the same polar angle θ = 50◦ and different azimuthal angles of
the tilted magnetic field. (d) and (e) b-t phase diagrams at the same
azimuthal angle ϕ = 45◦ and different polar angles. (f) Magnetic
field-polar angle (b-θ ) phase diagram at the temperature t = 0 and
the azimuthal angle ϕ = 45◦.

much the phase transition between SkX and the ferromagnetic
phase. With increasing polar angle, the threshold value of the
magnetic field for the phase transition between the helical
phase and SkX increases slowly at low θ , while sharply at high
θ , especially when θ is about 50◦. The high-field helical phase
appears at about θ = 48◦. Figure 2 shows the critical angle θc,
for which SkX disappears totally in the phase diagram, as a
function of the exchange anisotropy. θc varies almost lineally
with ae from about 34◦ (ae = −0.8) to about 52◦ (ae = 0).
The value of θc for zero exchange anisotropy is between 50◦
in Ref. [29] and 60◦ in Ref. [26] obtained by Monte Carlo
simulation.

Rotation of SkX. A magnetic field with nonzero tilt angle
will induce anisotropic Zeeman energy and thus break the

(d
eg

)

FIG. 2. θc as a function of ae at t = 0 and ϕ = 45◦.

FIG. 3. Magnetization structure of SkX and helical phase at t =
0, ae = 0, and θ = 30◦. SkX and the helical phase are stabilized
at b = 0.4 and b = 0.1, respectively. The chosen azimuthal angles
are 5◦ for (a) and (d), 25◦ for (b) and (e), and 45◦ for (c) and
(f). The distributions of the in-plane and out-of-plane components
of magnetization are represented respectively by the black arrows
and the colored density plot. The skyrmion Wigner-Seitz cells are
encircled by the hexagons. The white arrow stands for the direction
of b‖, which is the projection of the magnetic field onto the film
plane.

symmetry of the free-energy density. Intuitively, a periodic
magnetization structure has a certain orientation preference
in such a tilted magnetic field. To prove this, we ignore the
effects of the other anisotropies, and calculate the magnetiza-
tion structures of SkX and helical phase at different azimuthal
angles. Figures 3(a)–3(c) [Figs. 3(d)–3(f)] show the reorien-
tation of SkX (helical phase) with respect to the azimuthal
angle at the conditions t = 0, ae = 0, θ = 30◦, and b = 0.4
(b = 0.1). Without considering the intrinsic anisotropies or
other induced anisotropies, the wave vector of the helical
phase or SkX tends to be aligned with the in-plane component
of the tilted magnetic field.

Let us now consider the case with exchange anisotropy
coefficient ae set to be −0.05. When the magnetic field is
normal to the thin-film plane, the helical phase is orientated
with the wave vector along a 〈11〉 direction, while SkX is
orientated with one of the wave vectors along a 〈10〉 direction.
For a tilted magnetic field, we calculate the magnetization
structures of the helical phase and SkX at different azimuthal
angles and plot the results in Fig. 4, which has the same
temperature and magnetic field conditions as Fig. 3. When
b‖, the projection of the magnetic field onto the film plane,
is along the [11] direction [Fig. 4(f)], the helical wave vector
is aligned with the direction b‖. When b‖ is not along the [11]
direction [Figs. 4(d) and 4(e)], the anisotropy of the magnetic
field and the exchange anisotropy compete with each other,
resulting in the deviation of the helical wave vector from the
[11] direction. The situation for SkX is more complicated. For
the azimuthal angle near 0◦, one of the wave vectors tends to
align with the y axis, while for the azimuthal angle near 45◦,
one of the wave vectors tends to align with b‖.

To further study the reorientation effects of combined
anisotropies on SkX, we plot ϕ11 and ϕ12, the direction angles
of qd

11 and qd
12, as functions of the azimuthal angle ϕ in
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FIG. 4. Magnetization structure of SkX and helical phase at t =
0, ae = −0.05, and θ = 30◦. SkX and the helical phase are stabilized
at b = 0.4 and b = 0.1, respectively. The chosen azimuthal angles
are 5◦ for (a) and (d), for 25◦ (b) and (e), and 45◦ for (c) and (f).

Fig. 5(a). At ϕ = 0◦, ϕ11 is exactly 90◦, thus qd
11 is along the

y axis; at ϕ = 45◦, ϕ12 is exactly 225◦, thus qd
12 is along the

[11] direction. By increasing ϕ from 0◦ to 45◦, ϕ11 increases
smoothly from 90◦ to about 105◦, and ϕ12 increases smoothly
from about 210◦ to 225◦. This means that SkX is driven to
rotate along the z axis about 15◦ by a tilted magnetic field.
Due to the equivalence of the x and y axes, if we continue to
increase the azimuthal angle to 90◦, SkX is expected to rotate
continuously to the final state with a wave vector along the x
axis. Figure 5(b) shows the dominant Fourier coefficients as
functions of the azimuthal angle. The inequality of cre

111, cre
121,

and cre
131 implies that a tilted magnetic field with the interplay

of exchange anisotropy distorts the hexagonal skyrmion lat-
tice. At ϕ = 0◦, we have cre

121 = cre
131; in this case, qd

12 and
qd

13 waves are equivalent; at ϕ = 45◦, we have cre
111 = cre

131;
in this case, qd

11 and qd
13 waves are equivalent. From the

viewpoint of symmetry, the results are reasonable. When the
in-plane component of a magnetic field is parallel to the axes
with high symmetry, [11] and [10], the waves in the Fourier
representation Eq. (2) are expected to be symmetric with
respect to these axes. This may partly explain the behaviors
of SkX driven by a tilted magnetic field.

Finally, we discuss the effects of magnetic field strength
b and polar angle on SkX rotation. We set the azimuthal an-
gle ϕ = 25◦, the temperature t = 0, the exchange anisotropy
coefficient ae = −0.05, and calculate the direction angle ϕ11

at different θ and b. The results are presented in Fig. 5(c).
At high θ , ϕ11 decreases with b, while at low θ the opposite
is the case: ϕ11 increases with b. At moderate θ about 20◦,
ϕ11 stays almost unchanged with varying b. At high θ , even
though the stable range of SkX is smaller, the variation of
ϕ11 is larger (about 6◦ at θ = 50◦). Another point we can
notice is that at high b, for example, b = 0.5, by varying the

(deg)

(deg)

(d
eg
)

(d
eg
)

(deg)

FIG. 5. (a) ϕ11 and ϕ12 as functions of ϕ at t = 0, b = 0.5, ae =
−0.05, and θ = 30◦. (b) The relative wave amplitudes cre

121/cre
131 and

cre
111/cre

131 as functions of ϕ at t = 0, b = 0.5, ae = −0.05, and θ =
30◦. (c) ϕ11 as a function of b at t = 0, ϕ = 25◦, ae = −0.05, and at
different θ .

polar angle θ from 50◦ to 10◦, ϕ11 increases from about 91◦
to about 98◦, then decreases to about 97◦. That is say, not
only the magnetic field strength but also the polar angle can
effectively rotate SkX at certain conditions. When the in-plane
component of a tilted magnetic field is along axes with high
symmetry [10] and [11], SkX does not rotate at all; therefore,
if we want to rotate SkX by varying the magnetic field strength
or polar angle, the azimuthal angle should not be close to 0◦
or 45◦.

Conclusion. In summary, we have revealed the effects of a
tilted magnetic field on SkX in thin films of helimagnets. With
negative exchange anisotropy considered, we find that both
the azimuthal angle and the polar angle of a tilted magnetic
field influence the stability of SkX. In general, a lower polar
angle and lower azimuthal angle favor SkX. We also prove
that at certain conditions a tilted magnetic field can rotate SkX
by varying the azimuthal angle, polar angle, and magnetic
field strength.
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