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Magnetic skyrmions are topologically protected noncollinear spin textures. Their condensed state, called
skyrmion crystal phase (SkX), is usually presumed to be hexagonally symmetric as observed in most heli-
magnets. However, careful study of the experimental results indicates the existence of intrinsic anisotropy of
SkX, reflected by breaking of SkX hexagonal symmetry, direction-dependent properties of SkX, and even the
appearance of novel emergent crystalline states. Here, we systematically study the effects of exchange anisotropy
on Bloch-type SkX in cubic helimagnets and provide a possible explanation to the phenomena mentioned above.
By energy minimization, we find that exchange anisotropy causes intrinsic distortion of SkX. As the magnitude
of exchange anisotropy changes, a triangular-square transition occurs, with two possible transition paths for
different choices of anisotropy parameters. We also reproduce the 30° rotational transition of SkX.
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Introduction. Magnetic skyrmions, nontrivial topologically
protected vortexlike spin textures, are now of great inter-
est because of their peculiar physical properties and poten-
tial applications as information carriers [1-7]. They have
been theoretically predicted many years ago [8,9] and were
first observed by the small-angle neutron scattering (SANS)
experiment as a condensed phase called skyrmion crystal
phase (SkX) in 2009 [10]. SkX always possesses intrinsic
anisotropy in experiments. This is mainly manifested in the
following aspects: (i) Intrinsic distortion of the skyrmion
lattice: In the SANS experiment in MnSi [10], where no
in-plane anisotropic field was applied, the intensities of two
Bragg spots were obviously weaker than those of the other
four; in other SANS experiments [11-13], this difference
of Bragg intensities also appeared. (ii) Structural transition
of SkX: Recently, a triangular-square structural transition
of SkX was observed in chiral magnets CogZngMny [14]
and MnSi [15], where such a transition is closely related to
variation of anisotropy energies [16—19]. (iii) Reorientation
and 30° rotation of skyrmion lattice. In most of the SANS
experiments, skyrmion lattices were reoriented with respect to
the crystallographic lattice [10,20-23]. In Cu,OSeO3, another
peculiar direction-dependent property of SkX, 30° rotation of
the skyrmion lattice, was observed [11,24].

Deformation of the skyrmion lattice consists of two parts:
shape deformation (called external deformation) and inequal-
ity of Bragg intensities (called internal deformation). By far,
much attention has been paid to the former in experiment
[25,26], theory [27], and simulation [28]. On the contrary,
there is no work devoted to the explanation of the latter. Con-
cerning the cause of structural transition of SkX, Monte Carlo
simulations [17-19,29] and the analytical method [16] have
found various anisotropy energies which can stabilize square

“Corresponding author: huyf3@mail.sysu.edu.cn;
wangbiao @mail.sysu.edu.cn

2469-9950/2018/98(17)/174427(5)

174427-1

SkX. However, Monte Carlo simulations cannot give an an-
alytical description for the skyrmion magnetization structure,
and the analytical method used in [16] cannot describe de-
formed SkX. It is widely accepted that the reorientation of
skyrmion lattice results from the sixth-order anisotropic mag-
netocrystalline coupling. However, whether this mechanism
can be used to explain the 30° rotation of SkX remains an open
question. Moreover, concerning all these different aspects
of the anisotropic properties of SkX, a generally effective
theoretical model is not seen.

In this work, we establish a model of exchange anisotropy
for cubic helimagnets with the symmetry of a T point group
and try to explain the phenomena mentioned above. First,
we construct the mean-field-based free-energy-density model
with exchange anisotropy (including two terms characterized
by the rescaled coefficients A.; and Ae;) considered and
establish a unified Fourier representation for SkX. Here,
unified means that (i) it unfreezes deformation-related degrees
of freedom and thus it is suitable not only for triangular and
square SkXs but also for deformed SkX; (ii) it is suitable for
Bloch SkX [10,30], Néel SkX [31,32], anti-SkX [33], and
their dipole versions (dipole Bloch SkX, see Refs. [34,35])
induced by different types of Dzyaloshinskii—-Moriya
interactions (DMIs). Then, by energy minimization, we
demonstrate that negative exchange anisotropy can stabilize
SkX and result in intrinsic distortion of the skyrmion lattice.
We investigate the triangular-square structure transition
procedure and find two transition paths induced by A.; and
Ag. By plotting the A¢j-A.; phase diagram at appropriate
conditions of temperature and magnetic field, we find a 30°
rotation of skyrmion lattice.

Model. The free energy density used here is the rescaled
one [36-39],

+m’ +m* + &, (1)
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where m, b=1[0, 0, b]T and ¢ represent, respectively,
the rescaled magnetization, magnetic field, and tempera-
ture; @, is the resgaled exchange anisotropy, consisting of
two terms @e; = Aei[( 3,‘)2+ (52)* + (52 )] and @y =

ez[( fmiy2 4 (8'"2 >+ ( 3r3 )2]. One should notice that other
types oi amsotropy, such as uniaxial anisotropy which can
stabilize SkX [40], are not considered here. The magnetization
texture of deformed SkX is described by n-order Fourier
expansion [41]:

noon;
mg =mo+ ) > mg, e @)

i=1 j=1

Here, my = [0, 0, mo]T is the averaged magnetization along
the z axis, i (1, 2,..., n) represents the order of Fourier
series, and n; stands for the number of ith-order waves.
q;; and q?j are the undeformed and deformed wave vectors
connected by [42,43]
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where ¢, €1,, ],, and w? respectively reflect the elongation
of the x axis, y axis, the shear deformation of the xy plane,
and the rotation of the xy plane along the z axis in recip-
rocal space. mq,; denotes the wave polarization and can be
expressed as

3

my, = ZcijkPijk, “)
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where c,jk—cljk+1cljk (k=1,2,3) are complex pa-
rameters, P;;; = 2Sq[ 9ijy, 1qijx, s,q] P, =

ijys O]T’ Pij3 = ﬁs,vq [quyv quxv stQ] , with s;q the
wavelength of ith-order undeformed waves. As to the math-
ematical description for the conical phase, three parameters
are enough, Meepical = [M4€08(q2), mysin(qz), m3]T.
Stabilization and intrinsic distortion of SkX. By substituting
the magnetization textures mgx and Mcopicy iNt0 We1, we find it
null for megyicy While negative for my if Ae; < 0. Therefore,
a negative A, favors SkX. By plotting the b-r phase diagram,
we find that SkX is stabilized within a pocketlike region for
low exchange anisotropy A [Fig. 1(a)]. As to e, @ Negative
Aey will induce the energy density for both conical phase and
SkX. Actually, only for A., with high strength can SkX be
stabilized as a ground state. Figure 1(b) shows the b-t phase
diagram for A, = —0.8, and we see that SkX exists in a
region far away from the phase transition line between the
ferromagnetic phase and single-Q phase. Another point we
should notice is that the Curie temperature changes due to
the presence of Ae. To explain this, we solve analytically
the phase transition line between the ferromagnetic phase and

single-Q phase and get b = «/2(tc — t) with the Curie

1
g bijxs

temperature fc = AL

@e; and @e, are not invariant under the sixfold rotational
symmetry operations. Therefore, with @.; and @., considered,
the hexagonal symmetry of SkX is broken. Figures 1(c) and
1(e) [1(d) and 1(f)] show the magnetization structure of SkX
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FIG. 1. b- phase diagram for (a) A,; = —0.05, A, = 0 and (b)
Xel =0, Zez = —0.8. The single-Q phase consists of the in-plane
type (helical) and the out-of-plane type (conical). Magnetization
structure of SkX at (¢) b = 0.1, 1 = 0.8, A, = —0.05, and A, =
0,db=1, t=—1,A, =0, and Ae, = —0.8. The region en-
circled by black lines is a skyrmion Wigner-Seitz cell. The arrows
represent the distribution of the in-plane components of magneti-
zation, and the colored density plot illustrates the distribution of
the out-of-plane components of magnetization m,. (e, ) First-order
Bragg spots corresponding to (c) and (d).

and the first-order Bragg spots at b =0.1, r = 0.8, gel =
—0.05, and A, =0 [b=1, t=—1,A, =0, and Ay, =
—0.8]. In Figs. 1(c) and 1(e), the skyrmion lattice is almost
hexagonal, while the intensities of six spots exhibit inequality.
In Figs. 1(d) and I(f), the intensities of four spots is almost
the same, while the wavelengths along the x and y axes are
different. This means that exchange anisotropy can induce
intrinsic distortion of the skyrmion lattice. Actually, in many
of the SANS experiments [11,12,21], the observed spots have
different intensities, which may be explained by our results.

During the calculation, the in-plane single-Q phase, whose
magnetization structure can also be described by Eq. (2),
appears as the ground state at certain (b, ). In the b-t
phase diagrams, we do not make a distinction between the
out-of-plane single-Q phase and the in-plane single-Q phase
and simply call them a single-Q phase. Considering both
the calculation accuracy and efficiency, we have used the
third-order Fourier representation of SkX for the calculation
[41,44].

Triangular-square structural transition of SkX. We first
investigate the evolution of SkX magnetization structure as
a function of Ae;. To eliminate the influence of the other
exchange anisotropy term A, we set it to 0. The temperature
and magnetic field are carefully chosen so that during the
whole phase transition procedure, SkX has the lowest energy
density compared with the other phases. Here, we set b =
0.35andr = 0.5. For weak exchange anisotropy A.; = —0.25
[Fig. 2(a)], skyrmion lattices are arranged with a triangle
pitch, a quasi-hexagonal shape. As the strength of exchange
anisotropy A, increases from —0.25 to —0.4 [Fig. 2(b)], a
notable deformation of skyrmion lattices occurs, which is re-
flected by the following two aspects: (i) the distance between
the top and bottom skyrmion lattices decreases, resulting in
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FIG. 2. Triangular-square structural transition of SkX with in-
creasing strength of exchange Agath =0.35, 1 =0.5,and A, = 0.
The upper row shows the evolution of magnetization structure as a
function of A.,. From left to right, (a) Ae; = —0.25, (b) Ay = —0.4,
(©) Xel = —0.7. The insets in (a), (b), and (c) are the first-order
Bragg spots. The lower row shows skyrmion-deformation-related
parameters as functions of Xa- From left to right, (d) the angle
0 between q” and q¢,, (e) the wavelengths |q¢,|, |q%,| and their
ratio |q¢,|/|q%,|, and (f) the relative wave amplitudes c'5, /%, and

/e

the external deformation, and (ii) the intensities of top and
bottom Bragg spots are obviously weaker than those of the
other four [see inset of Fig. 2(b)], resulting in the internal
deformation. When the strength of A.; is increased to —0.7
[Fig. 2(c)], the distance between the top and bottom skyrmion
lattices decreases further and the square pitch arrangement is
formed. In this case, the top and bottom Bragg spots can be
regarded as second-order ones and their intensities are much
weaker than those of first-order ones. The triangular-square
transition occurs as if the SkX is “compressed” along the
vertical axis.

Figures 2(d)-2(f) show the evolutions of several suitable
order parameters which describe this transition as functions
of Ael at b=0.35, +=0.5, and Aez = 0. The external—
deformation-related parameters are the angle 6 between qf,
and q¢, [Fig. 2(d)], the lengths of q¢, and q¢,, and their
ratio |q%,1/1q%,| [Fig. 2(e)]. The internal-deformation-related
parameters are c}3,/c}5, and cij;/ct5, [Fig. 2(f)]. 6 varies
from about 120° to about 135° with increasing strength of
Ae1. Once Aq; exceeds a certain value (here, about —0.47),
6 remains at about 135° and |q¢,|/|q¢,| reaches its saturated

value +/2. We conclude that the square shape of the skyrmion
lattice can be kept in a certain range of A.j. For —0.47 <
Ael < —0.22, q11 increases with increasing strength of Ael,
while q12 keeps 1ts value near 1; for —0.75 < Al < —0.47,
both q¢, and q¢, change hnearly with A;. This implies
that the external deformation of skyrmion lattices during the
triangular-square transition is characterized by the compres-
sion along the y axis, and once the transition is finished, it
is characterized by the lattice constant decreasing. The first-
order Fourier expansion coefficient c¢|j; degenerates into a
second-order one during the triangular-square transition, since
cli1/ci5; decreases continuously from 0.84 (A, = —0.22)
to 0.38 (A, = —0.47), then to 0.25 (Ae; = —0.75). we;

Direction of evolution
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FIG. 3. Triangular-square structural transition of SkX with in-
creasing strength of exchange A ecatb=1.1, t=-0.8, and Ael =
—0.3. The upper row shows the evolution of magnetization structure
as a function of Xez. From left to right, (a) Zez = —0.76, (b)
Xez = —0.81, and (c) Kez = —0.86. The lower row shows skyrmion-
deformation-related parameters as a function of Zez. From left to
right, (d) the angle 0 between q¢, and q{,, (e) the shear deformation
&%, and the rotation w?, and (f) the relative wave amplitudes ¢, /c'¢,
and ¢, /¢y

is invariant under the mirror symmetry operation (x,y) —
(—x,y), and q‘li1 and q‘li2 are symmetric with respect to the
y axis; therefore, c5,/c}5; is always 1. Due to the invariance
of we; under fourfold rotation about the z axis, a magnetiza-
tion distribution with fourfold rotational symmetry is favored
when we is large. That may explain the formation of square
SkX at high A.;.

Then we discuss the effect of A e and find that it leads
to another triangular-square structural transition path, as il-
lustrated in Fig. 3. Here, we set A.; = —0.3 to suppress the
conical phase so that SkX is the ground state during the transi-
tion procedure. In the interval —0.8 < Aez < —0.7, 6 is about
120°, ¢}, and w? are 0, while c3,/c}S, and cl§,/c}, vary
with A.y, suggesting that the skyrmion lattice goes through
only the internal deformation. For —0.89 < Aer < —0.8, 0
decreases from 120° to 90° with increasing strength of A.;;
on the other hand, 8‘112 and w? are no longer 0. Therefore,
the triangular-square transition procedure is achieved by share
deformation and rotatlon We also note that c}5; is not equal
to ¢!, for nonzero &7, and w?. The reason is that, in this case,
q‘li1 and q‘ll2 are not symmetric with respect to the y axis. @ep

0.0
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= DS-SkX Conical

<04}
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A

FIG. 4. ANCI—XCZ phase diagram at b = 0.5 and r = —0.5.
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FIG. 5. (a) 6 and w? as functions of Zez atb=0.5, t =—-0.5,
and Zel = —0.3 The insets show the m, distribution at (i) Kez =
—0.6, (ii) Ap = —0.4, and (iii) Ae; = —0.2. They correspond to,
from right to left, DT-SkX, R-SkX, and T-SkX, respectively. (b)
6 and w? as functions of ¢ at b = 0.5, Ael = —0.3, and Aez =
—0.25. The insets (iv) and (v) show the m, distribution for t = —0.6
and t = —0.3, respectively. (c) 6 and w? as functions of b at t =
—0.5, A = —0.3, and A, = —0.25. The insets (vi) and (vii) show
the m distribution for b = 0.4 and b = 0.6, respectively.

includes two nonzero terms for SkX, (3’"l )2 and ( 33%3)2. For

negative Ae, the first term tends to align the skyrmion cores
along the y axis so that m; varies more sharply along the y
axis, while the second term tends to align the skyrmion cores
along x axis. That is the reason why the square SkX has q{,
along the y axis and q, along the x axis.

2{61-&2 phase diagram. By plotting the Xel-gez phase
diagram at b = 0.5, t = —0.5 (Fig. 4), we find six different
phases: the conical phase, helical phase, deformed triangular
SkX (DT-SkX), rotated SkX (R-SkX), triangular SkX (T-
SkX), and deformed square SkX (DS-SkX). At low A, the
ground state is a conical (helical) phase when A is low
(high). At moderate A, the conical and helical phases are
suppressed and SkX appears. In this case, the shape of the
skyrmion lattice changes continuously with Ael and A, when
Aez is low, while it keeps the hexagon form (¢ is about 120°,
|q11 |/|q12| is about 1) when A.; is high. We distinguish these
two kinds of SkXs and call them deformed triangular SkX
and triangular SkX, respectively. The DT-SkX and T-SkX are
separated by another phase, which is formed by rotating q¢,
and q‘fz about 30° along the z axis [see inset (ii) of Fig. 5(a)].
We call this intermediate phase rotated SkX. At high A.j,
the square SkX is formed, and the skyrmion lattice deforms

continuously within certain ranges of Zel and Zez. We refer
to this phase as deformed square SkX.

We fix A.; = —0.3 and plot Fig. 5(a), which shows 6 and
? as functions of A¢,. It is shown that the phase transitions
between DT-SkX and R-SkX, and between R-SkX and T-SkX,
are characterized by the 30° rotation of the skyrmion lattice
along the z axis. The 30° rotation of the skyrmion lattice
has been observed in Cu,OSeO; [24], but it occurred due to
temperature or magnetic field change. In Figs. 5(b) and 5(c),
we plot 0 and w? as functions of # and b. We find that by
changing the temperature and magnetic field, the 30° rotation
of the skyrmion lattice occurs.

Conclusion. In conclusion, we show that SkX possesses
intrinsic distortion due to the exchange anisotropy terms A,
and Ag. In addition, we reveal two different paths for the
triangular-square structural transition, which are characterized
by (i) elongation and (ii) shear deformation and rotation of
wave vectors. Moreover, we reproduce another phase transi-
tion of SkX, which is achieved through rotation of SkX along
the z axis about 30°.
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