
PHYSICAL REVIEW B 98, 125402 (2018)

Tight-binding piezoelectric theory and electromechanical coupling correlations
for transition metal dichalcogenide monolayers

Yunhua Wang,1,2,* Zongtan Wang,3 Jie Li,3 Jie Tan,1 Biao Wang,1,2,† and Yulan Liu3,‡
1Sino-French Institute of Nuclear Engineering and Technology, Sun Yat-sen University, Zhuhai 519082, China

2State Key Laboratory of Optoelectronic Materials and Technologies, School of Physics, Sun Yat-sen University, Guangzhou 510275, China
3School of Engineering, Sun Yat-sen University, Guangzhou 510006, China

(Received 3 January 2018; revised manuscript received 9 April 2018; published 4 September 2018)

The lack of inversion symmetry in semiconducting transition metal dichalcogenide monolayers (TMDMs)
enables a considerable intrinsic piezoelectricity, which opens prospects for atomically thin piezotronics and
optoelectronics. Here, based on the tight-binding (TB) approach and Berry phase expression for electronic po-
larization difference, we establish an atomic-scale TB theory for demonstrating piezoelectric physics in TMDMs.
Using the TB piezoelectric theory, we predict the electronic Grüneisen parameter (EGP), which measures
the electron-phonon couplings for TMDMs. By virtue of the constructed analytical piezoelectric model, we
further reveal the correlation between the electronic contribution to piezoelectric coefficients and strain-induced
pseudomagnetic gauge field (PMF). These predicted EGP and PMF for TMDMs are experimentally testable,
and hence the TB piezoelectric model is an alternative theoretical framework for calculating electron-phonon
interactions and PMF.
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I. INTRODUCTION

Since its first observation in 1880, piezoelectricity has
been one of the active topics in physics, materials, and
engineering, because of its fascinating fundamental theory
and wide applications in diverse fields. The striking features
of piezoelectricity include the linear electromechanical cou-
pling, reversibility, and robustness against perturbations. It is
a fact that the piezoelectric polarization difference contains
both electronic and ionic contributions, because of the ionic
internal-strain induced by the macroscopic deformation as
well. In a microscopic picture, the piezoelectricity contributed
by ions is associated with the Born effective charges and
the optoacoustic coupling in the context of lattice-dynamical
theory; the electronic polarization difference in response to
the strain (or stress) field and the electronic part of piezo-
electric coefficient are correspondingly related to the Berry
phase [1–3] and the first Chern form [4–6], which clarify
the reason why piezoelectricity is robust like the topolog-
ical quantum states [7,8]. Recently, the density functional
theory (DFT) calculations [9–14], lattice dynamics calcula-
tions [15], and experiments [16–21] on the piezoelectricity
of two-dimensional materials, particularly transition metal
dichalcogenide monolayers (TMDMs) [9–12,15–18], group
IV monochalcogenides [13], graphene [14,19], C3N4 [20],
and α-In2Se3 [21], have shed new light on atomically thin
piezotronics, flexible electronics, and optoelectronics.

TMDMs are semiconductors with experimentally tunable
carrier mobilities [22] and a direct band gap [23], which
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allows the field-effect transistors with a high on/off ratio [24].
The absence of inversion symmetry results in a spin-orbit
coupling (SOC) which lifts the spin degeneracy [25], and
the time-reversal symmetry keeps the valley degeneracy but
makes the spin splitting at different valleys opposite [26].
The exotic spin-valley coupling together with the strong
excitonic effect offers an avenue toward the valleytronics
and optoelectronics [27]. The unique crystal structure
and time-reversal symmetry are also responsible for the
electromechanical couplings in TMDMs: (i) the trigonal
prismatic structure with the main d orbital interactions of the
transition metal atoms leads to the high stiffness and breaking
strength [28], benefiting the nanomechanical resonators [29]
and flexible devices [30]; (ii) the broken inversion symmetry
renders the piezoelectricity [16,17]; (iii) the time-reversal
symmetry enables the strain-induced valley-contrasting
pseudomagnetic vector potentials [31–34], which measure
the valley displacement analogous to that in strained graphene
[35]; (iv) the lattice deformation modifies the electron-phonon
interactions, which affect the electronic transport [36–38],
optical properties [39], spin relaxation [40], and valley magne-
tization [41]. Although much progress on the piezoelectricity
and strain effects on the phonon [42,43], electronic properties
[44], optoelectronic properties [45], and work function
[46] have been recently made by DFT and experiments,
a microscopic theory, presenting the piezoelectric physics
and revealing the correlation among these electromechanical
couplings in TMDMs, is still lacking to date.

In this work we establish a microscopic piezoelectric the-
ory using a combination of the tight-binding (TB) approach
and Berry phase polarization theory, namely, TB piezoelectric
theory. Using the linear feature of piezoelectricity and the
correspondence between the TB piezoelectric model and the
clamped-ion DFT model, we obtain the electronic Grüneisen
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parameter (EGP), which characterizes the electron-phonon
coupling in TMDMs. By virtue of the analytical piezoelec-
tric model, we further explore the correlation between the
electronic part of piezoelectric coefficient and strain-induced
pseudomagnetic gauge field (PMF) and finally predict the
PMF’s values for strained TMDMs. The rest of this paper is
organized into the following four sections. In Sec. II, we con-
struct the TB piezoelectric theory for TMDMs. In Sec. III, the
EGP measuring the electron-phonon couplings for TMDMs
is calculated by the TB piezoelectric model. In Sec. IV, we
build the analytical piezoelectric model in both of the first- and
second-order continuum approximations and further predict
the PMF for TMDMs by the analytical piezoelectric theory.
Discussions on the experiments for the predicted EGP and
PMF and conclusions are given in Sec. V.

II. TIGHT-BINDING PIEZOELECTRIC
THEORY FOR TMDMs

A. Strain-dependent three-band TB Hamiltonian

TMDMs (MX2, M = Mo, W; X = S, Se, Te) have the
general trigonal prismatic structure with its top view in
Fig. 1(a), where the nearest-neighbor (NN), next-nearest-
neighbor (NNN), and third-nearest-neighbor (TNN) lattice
vectors r are denoted by δi , χ i , and 2δi , respectively, with
i = 1, . . . , 6. For TMDMs, the conduction and valence bands
near the Fermi energy are mainly contributed by dz2 , dxy ,
and dx2−y2 orbitals of M atoms [47,48]. Consequently, their
low-energy physics can be captured by the TB Hamiltonian
including the NN, NNN, and TNN d − d hoppings. In the
real space, the TB Hamiltonian for unstrained TMDMs reads

H0 =
∑
i,ζ

εζ c
†
i,ζ ci,ζ +

∑
i,δ

∑
ζ,ζ ′

tζ,ζ ′c
†
i,ζ ci+δ,ζ ′

+
∑
i,χ

∑
ζ,ζ ′

rζ,ζ ′c
†
i,ζ ci+χ ,ζ ′

+
∑
i,2δ

∑
ζ,ζ ′

uζ,ζ ′c
†
i,ζ ci+2δ,ζ ′ , (1)

where εζ is the on-site energy, c
†
i,ζ and ci,ζ are the

creation/annihilation operators for an electron with the orbital

FIG. 1. (a) Top view of the trigonal prismatic structure for MX2

with the lattice constant a = |δi | and the corresponding NN, NNN,
and TNN lattice vectors δi , χ i , and 2δi for M atoms. (b) The
three-band TB energy dispersion for MoS2 with one negative valence
band and two positive conduction bands, where the top of the valence
band is shifted to zero, and the hexagon shows the first Brillouin
zone (BZ).

ζ (dz2 , dxy or dx2−y2 ) on site Ri , δ, χ , and 2δ are the
corresponding NN, NNN, and TNN lattice vectors as shown
in Fig. 1(a), and tζ,ζ ′ , rζ,ζ ′ , and uζ,ζ ′ are the corresponding
hoppings. In general, the disorder effects on low-dimensional
materials include two types. One is the local change of the
on-site energy and the other is the changes of the electronic
hoppings, owing to the changes of bond lengths and angles
[49]. A typical example of the second type is the lattice
deformation, where the strain enters into the Hamiltonian
in the form of both scalar potential and effective magnetic
vector potential. For the clamped ion models, it is assumed
that the original lattice remains but the electronic hoppings are
mainly modified by the changes of bond lengths [1,4–6,49].
In this way, the strain-modified hopping terms in the linear
elastic approximation are written as Jr,ζ−ζ ′ (ε) = J 0

r,ζ−ζ ′ [1 −
(βij /|r|2)

∑
mn rmεmnrn], where r = Rj − Ri are the lattice

vectors pointed from i to j , εmn = (1/2)[∂um/∂rn +
∂un/∂rm] is a component of the plane strain tensor for
the in-plane intrinsic piezoelectricity under consideration,
m and n denote x or y, J 0

r denotes the initial hoppings for
undeformed TMDMs in Table I, and the dimensionless EGP
is defined as βij = −[d ln Jr (rs )/d ln rs]|ε→0 to measure
how the electronic hopping changes with the strain-dependent
length of r , i.e., rs = |rs (ε)|. Because the dominant hopping
orbitals arise from all the d orbitals of M atoms [47], it is
reasonable to approximately assume βij as a constant β.

Via the following Fourier transforms:

di,ζ = 1

N

∑
k

eik·Ri dk,ζ , d
†
i,ζ = 1

N

∑
k

e−ik·Ri d
†
k,ζ , (2)

we further write the strain-dependent TB Hamiltonian in
momentum space as

H (ε) =
∑

k

[d†
k,z2 d

†
k,xy d

†
k,x2−y2 ]H (k, ε)

⎡
⎣ dk,z2

dk,xy

dk,x2−y2

⎤
⎦.

(3)

The Hamiltonian H (k, ε) consists of the NN (δ), NNN (χ ),
and TNN (2δ) components, i.e.,

H (k, ε) = Hδ (k, ε) + Hχ (k, ε) + H2δ (k, ε). (4)

The matrix elements for H
i,j

δ (k, ε), Hi,j
χ (k, ε), and H

i,j

2δ (k, ε)
with (i = 1, 2, 3; j � i) read

H
i,j

δ (k, ε) =
6∑

l=1

Jδl ,ζi−ζj
(ε)eik·δl + εiδij , (5a)

Hi,j
χ (k, ε) =

6∑
l=1

Jχ l ,ζi−ζj
(ε)eik·χ l , (5b)

H
i,j

2δ (k, ε) =
6∑

l=1

J2δl ,ζi−ζj
(ε)eik·2δl , (5c)

where ε1, ε2, and ε3 (ε3 = ε2) are the on-site energy,
δij is the Kronecker delta, and ζi and ζj denote the d
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TABLE I. Hoppings between different d orbitals of M atoms for MX2. The first row shows the combinations of arbitrary two d orbitals,
the first column displays the NN, NNN, and TNN lattice vectors, and the other columns show their corresponding hoppings for different lattice
vectors. The values of these TB parameters are listed in Table III of Ref. [47].

dz2 − dz2 dxy − dxy dx2−y2 − dx2−y2 dz2 − dxy dz2 − dx2−y2 dxy − dx2−y2

δ1 t0 t11 t22 t1 t2 t12

δ2 t0
t11+3t22

4
3t11+t22

4
t1−√

3t2
2 − t2+√

3t1
2

√
3(t22−t11 )

4 − t12

δ3 t0
t11+3t22

4
3t11+t22

4 − t1−√
3t2

2 − t2+√
3t1

2

√
3(t11−t22 )

4 + t12

δ4 t0 t11 t22 −t1 t2 −t12

δ5 t0
t11+3t22

4
3t11+t22

4 − t1+√
3t2

2 − t2−√
3t1

2

√
3(t22−t11 )

4 + t12

δ6 t0
t11+3t22

4
3t11+t22

4
t1+√

3t2
2 − t2−√

3t1
2

√
3(t11−t22 )

4 − t12

χ 1 r0 r11

√
3r11+2r12√

3
r1 − r1√

3
r12

χ 2 r0 r11 + √
3r12

√
3r11−r12√

3
0 2r2√

3
0

χ 3 r0 r11

√
3r11+2r12√

3
−r1 − r1√

3
−r12

χ 4 r0 r11

√
3r11+2r12√

3
r2 − r2√

3
r12

χ 5 r0 r11 + √
3r12

√
3r11−r12√

3
0 2r1√

3
0

χ 6 r0 r11

√
3r11+2r12√

3
−r2 − r2√

3
−r12

2δ1 u0 u11 u22 u1 u2 u12

2δ2 u0
u11+3u22

4
3u11+u22

4
u1−√

3u2
2 − u2+√

3u1
2

√
3(u22−u11 )

4 − u12

2δ3 u0
u11+3ut22

4
3u11+u22

4 − u1−√
3u2

2 − u2+√
3u1

2

√
3(u11−u22 )

4 + u12

2δ4 u0 u11 u22 −u1 u2 −u12

2δ5 u0
u11+3u22

4
3u11+u22

4 − u1+√
3u2

2 − u2−√
3u1

2

√
3(u22−u11 )

4 + u12

2δ6 u0
u11+3u22

4
3u11+u22

4
u1+√

3u2
2 − u2−√

3u1
2

√
3(u11−u22 )

4 − u12

orbitals in Table I. The obtained strain-dependent Hamil-
tonian H (k, ε) in Eqs. (4) and (5) can be used to calcu-
late the piezoelectric Berry curvature �i,jk such that the
electronic part of piezoelectric coefficients can be further
evaluated.

B. Electronic contribution to piezoelectric coefficients

Under a time-dependent nonelectromagnetic perturbation
with a slow variation, the semiclassical dynamical equa-
tion for the nth energy band reads ṙn = [∂E0

n(k)/∂ (h̄k)] −
�n

k,t , and k̇ = 0, where E0
n(k) is the energy for the sys-

tem without perturbations and �n
k,t is the Berry curva-

ture with respect to k and t . The perturbation-induced
adiabatic charge current in 2D systems reads j (t ) =
2e

∑
n

∫
BZ

�n
k,t dk/(2π )2. For piezoelectricity, the adiabatic

process varies from the initial state with ε(0) = 0 to the
final state with ε(T ) = ε, i.e., ε(T ) = �ε, owing to ε −
0 = �ε. Then, the piezoelectric adiabatic current is j (t ) =
2e

∑
jk

∑
n

∫
BZ

�n
k,εjk

ε̇jkdk/(2π )2. The continuity equation
and the relation between polarization and charge densities
require the polarization difference along the i direction to
satisfy �Pi = ∫ T

0 ji (t )dt , i.e.,

�Pi =
∑
jk

(
2e

∑
n

∫
BZ

�n
ki ,εjk

dk/(2π )2

)
�εjk. (6)

Therefore, the electronic part of piezoelectric coefficient
eijk for TMDMs, i.e., eijk = (∂Pi/∂εjk )|ε→0, reads

eijk = e

2π2

∫
BZ

�i,jkdk, (7a)

�i,jk = i

2∑
m=1

〈
u0

v

∣∣vi

∣∣u0
cm

〉〈
u0

cm

∣∣wjk

∣∣u0
v

〉 − c.c.(
E0

v − E0
cm

)2 , (7b)

where �i,jk is a short-hand notation of �ki ,εjk
|ε→0, E0

v (E0
c )

and u0
v (u0

c ) are the corresponding eigenvalues and normalized
eigenstates with one valance (v) band and two conduction (c)
bands for the unstrained TMDMs, as shown in Fig. 1(b), vi =
∂[H (k, ε)|ε→0]/∂ki , wjk = ∂H (k, ε)/∂εjk , and c.c. denotes
the complex conjugate.

Let us use the TB piezoelectric model to calculate both the
piezoelectric Berry curvature and piezoelectric coefficients
for MoS2, as an example of TMDMs because of their
similarity. We adopt the TB parameters in Table III of
Ref. [47] and β = 2 [50]. Considering ε12 = ε21, we have
e112 = e121 and e212 = e221. Therefore, only six piezoelectric
coefficients need to be calculated. Figure 2 shows the
distributions of the piezoelectric Berry curvature �i,jk for
MoS2 in momentum space. It can be seen that �1,11, �1,22,
and �2,12 are odd functions of kx and ky inside the BZ
in Figs. 2(a), 2(c), and 2(e), respectively. Consequently,
corresponding piezoelectric coefficients, e111, e122, e212,
and e221, as their integrals over the BZ, must be zero.
The other �1,12, �2,11, and �2,22 are even functions of
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FIG. 2. Contour maps of piezoelectric Berry curvature (in units of Å) as a function of kxa and kya in momentum space for MoS2: (a) �1,11,
(b) �1,12, (c) �1,22, (d) �2,11, (e) �2,12, and (f) �2,22. The white hexagons show the BZ.

kx and ky inside the BZ in Figs. 2(b), 2(d), and 2(f),
respectively, and hence e112, e211, and e222 are nonzero.
The values of these piezoelectric coefficients are listed in
Table II. In general, the D3h point group requires
e111 = e122 = e212 = e221 = 0 and e211 = −e222 =
e112/2 = e121/2, if the piezoelectric coefficient
is defined as eijk = (∂Pi/∂εjk )|ε→0, with εjk =
(1/2)[∂uj/∂rk + ∂uk/∂rj ] [5]. The results in
Table II obey the symmetry of D3h and agree well with
both DFT [9] and experiments [17]. It should be noticed that
the experimental result is corresponding to the relaxed-ion
piezoelectric coefficient contributed by both electrons and
ions. In Table II, the clamped-ion TB result is approximately
comparable to the experiment, because the electronic
contribution is much larger than the ionic part for MoS2

and WS2 [9,15], but note that the comparison for other
TMDMs is inappropriate.

III. ELECTRON-PHONON INTERACTIONS AND EGP

In the first order approximation of the atomic displace-
ments, the electron-phonon coupling Hamiltonian Hep reads
[51]

Hep = 1√
A

∑
k,p;k′,p′;q,ν

gν
k,p;k′,p′c

†
k,pck′,p′φq,ν , (8)

where A is the area, φq,ν = √
h̄ωq,ν/2(bq,ν + b

†
−q,ν ) is the

phonon operator with its wave vector q, k and k′ are the
electron wave vectors, and p and p′ are the energy band
indexes. The electron-phonon matrix element gν

k,p;k′,p′ in the

TABLE II. Obtained piezoelectric coefficients (10−10 C/m) of
MoS2 from the TB piezoelectric theory. Expt. denotes the experi-
mental values.

e111 e122 e212 e112 e211 e222

TB 0 0 0 −5.83 −2.89 2.87
DFT [9] 3.06
Expt. [17] 2.9 ± 0.5

TB approximation reads

gν
k,p;k′,p′ =

∑
n′,s,s ′ U ∗

s,p(k)Us ′,p′ (k′)O · ∇J (0, s; n′, s ′)|0√
μωk−k′,ν

,

(9)

where μ is the mass per unit area, U is the unitary ma-
trix that diagonalizes the strain-independent H (k, ε)|ε→0,
O = eik′·Rn′ Sν

s (k − k′) − eik·Rn Sν
s ′ (k − k′) with the phonon

polarization vector Sν
s , and J (0, s; n′, s ′) is the matrix el-

ement of the NN interactions between atoms (0, s) and
(n′, s ′) [52]. Using β = −[d ln Jr (rs )/d ln rs]|ε→0, we have
∇J (0, s; n′, s ′)|0 · r̂ = βJ 0

r /r , with the NN unit vector r̂ and
length r of r . Owing to |gν

k,p;k′,p′ | ∝ β, consequently, EGP
is usually used to characterize the electron-phonon coupling
within the TB framework [31–33,35,52].

EGP is important to determine the electron-phonon cou-
pling, PMF [31–34], and strain-modulated electronic trans-
ports in 2D materials [49,53,54]. Therefore, it is meaningful
to predict EGP of TMDMs. The strain-modulated H (k, ε)
and Eqs. (7) show that eijk is proportional to EGP (β ), i.e.,
eijk ∝ β. Therefore, if the clamped-ion piezoelectric coeffi-
cient has been obtained from DFT, one can inversely deter-
mine EGP, i.e., β/β0 = eijk/e

0
ijk , where e0

ijk is a calculated
reference value of the TB piezoelectric coefficient for β0 = 1
by Eqs. (7), according to the consistency between the TB
piezoelectric model and DFT results. The obtained results
in Table III show that β for Mo-based TMDMs is about 2.
In addition, β for Mo-based TMDMs is larger than that for
W-based TMDMs. It means that the electronic hoppings for
Mo 4d orbitals change faster with the bond length than those

TABLE III. EGP (β ) for TMDMs. e0
222 (10−10 C/m) is a calcu-

lated reference value for β0 = 1 by Eqs. (7).

MoS2 MoSe2 MoTe2 WS2 WSe2 WTe2

e222 [9] 3.06 2.80 2.98 2.20 1.93 1.60

e0
222 1.4365 1.4057 1.3672 1.4450 1.4560 1.4002

β = e222/e
0
222 2.13 1.99 2.18 1.52 1.33 1.14
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for W 5d orbitals. Because the distribution of W 5d orbitals
in space is wider than that of Mo 4d orbitals, the interaction
among W 5d orbitals is more robust against the strain than
that of Mo 4d orbitals.

IV. ANALYTICAL PIEZOELECTRIC MODEL
AND PMF FOR TMDMs

A. Strain-dependent k · p Hamiltonian
and pseudomagnetic vector potential

Expanding the three-band Hamiltonian H (k, ε) at the K

valley and using the Löwdin partitioning method [55], we
write the strain-dependent k · p Hamiltonian as

HK (q, ε) = H 1
0 (q ) + H 2

0 (q ) + Hs
S (ε) + Hv

S (ε), (10a)

H 1
0 (q ) =

[
�/2 at (qx − iqy )

at (qx + iqy ) −�/2

]
, (10b)

H 2
0 (q ) =

[
γ1a

2
(
q2

x + q2
y

)
γ3a

2(qx + iqy )2

γ3a
2(qx − iqy )2 γ2a

2
(
q2

x + q2
y

) ]
, (10c)

Hs
S (ε) =

[
αcβ(εxx + εyy ) 0

0 αvβ(εxx + εyy )

]
, (10d)

Hv
S (ε) = αβ

[
0 εxx − εyy − i2εxy

εxx − εyy + i2εxy 0

]
,

(10e)

where the first term H 1
0 (q ) is the first order approximation,

i.e., the gapped Dirac Hamiltonian [56], the second term is the
trigonal warping [57], and the strain perturbation contains the
third and fourth terms, i.e., the strain-induced scalar potential
(Vc and Vv) and pseudomagnetic vector potential (A), with
their corresponding forms as follows:

Vc(v) = αc(v)β(εxx + εyy ), (11a)

Ax = h̄αβ

aet
(εxx − εyy ), Ay = h̄αβ

aet
(−2εxy ). (11b)

The obtained scalar and vector potentials in the linear elastic
approximation have the similar forms as those for other 2D
hexagonal crystals such as h-BN and graphene [54,58–63],
but with different β (see Sec. III). All these energy parameters
(�, t , γ1, γ2, and γ3) in the nonperturbative terms can be
obtained by the fitting between the TB and k · p models for
unstrained TMDMs. The other energy parameters (αc, αv , and
α) in the strain perturbation terms in principle can also be
obtained through the energy band comparison between the
DFT and TB calculations for strained TMDMs. In addition,
the pseudomagnetic vector potential A is direction dependent.
If the x direction has an angle θ with respect to the armchair
direction of TMDMs, A has the following general forms
[64–70]:

Ax = h̄αβ

aet
[(εxx − εyy ) cos(3θ ) − 2εxy sin(3θ )], (12a)

Ay = − h̄αβ

aet
[(εxx − εyy ) sin(3θ ) + 2εxy cos(3θ )]. (12b)

TABLE IV. PMF strength B0 (10−5 T m) for TMDMs. The en-
ergy parameters t and � (in units of eV) are obtained from the fitting
between the first order continuum approximation and the TB model.

MoS2 MoSe2 MoTe2 WS2 WSe2 WTe2

t 1.0799 0.8984 0.7213 1.3315 1.1395 0.9739
� 1.6579 1.4293 1.2302 1.8062 1.5412 1.0668
B0 5.4416 5.0429 5.51 3.7576 3.2935 2.5795

B. Analytical piezoelectric model

As shown in Fig. 2(f), the Berry curvature �2,22 is mainly
located in the six corners of the BZ. This means that e222

is mainly contributed by the Berry curvatures in the vicin-
ity of K (K ′) point. Therefore, it is effective to analytically
evaluate e222 by both the strain-dependent k · p Hamiltonian
in Eqs. (10) and the piezoelectric coefficients in Eqs. (7).
Because the SOC splitting is much less than the band gap
in TMDMs [47,48], SOC has a weak influence on the piezo-
electricity. In addition, the time-reversal invariant allows us to
consider the piezoelectricity only at the K valley, because of
the valley degeneracy. We first consider the piezoelectricity
based on the first order k · p Hamiltonian and then explore
the trigonal warping effects on the piezoelectricity. The fitted
energy parameters t and � in the first order approximation
are listed in Table IV. In order to evaluate the piezoelectric
Berry curvatures in the first order approximation (neglecting
the trigonal warping), we need to first acquire the energy
eigenvalues and normalized eigenstates for the conduction
(+) and valence (−) bands of TMDMs without the strain
perturbation, as follows:

E0
± = ±

√
a2t2

(
q2

x + q2
y

) + (�/2)2, (13a)

|u0
±〉 = 1√

2E0+

⎡
⎢⎣

at (qx−iqy )√
E0+∓(�/2)

±
√

E0+ ∓ (�/2)

⎤
⎥⎦. (13b)

Then the partial derivatives of Hamiltonian (neglecting the
trigonal warping) in Eqs. (10) with respect to qy and εyy read

∂H0(q )

∂qy

= ∂H 1
0 (q )

∂qy

=
(

0 −iat

iat 0

)
, (14a)

∂HK (q, ε)

∂εyy

= ∂Hs
S (ε)

∂εyy

+ ∂Hv
S (ε)

∂εyy

, (14b)

∂Hs
S (ε)

∂εyy

=
(

αcβ 0
0 αvβ

)
, (14c)

∂Hv
S (ε)

∂εyy

=
(

0 −αβ

−αβ 0

)
. (14d)

Inserting Eqs. (14) into the Berry curvature expression Eq. (7),
we obtain the piezoelectric Berry curvatures �s

2,22 and �v
2,22

contributed by the corresponding scalar and vector potentials,
as follows:

�s
2,22 = a2t2(αc − αv )βqx

4
[
a2t2

(
q2

x + q2
y

) + (�/2)2
]3/2 , (15a)
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�v
2,22 = atαβ�

4
[
a2t2

(
q2

x + q2
y

) + (�/2)2
]3/2 , (15b)

where αc and αv are the energy parameters of conduction
and valence bands for the scalar potential, respectively, and
α is the energy parameter for the vector potential. Then the
piezoelectric coefficient reads

e222 = 4e

(2π )2

∫ 2π

0
dθ

∫ qm

0

(
�s

2,22 + �v
2,22

)
q dq

= eαβ

πat

(
1 −

√
3�√

16
√

3πt2 + 3�2

)
, (16)

where the factor 4 contains both the spin and valley degener-
ates, q =

√
q2

x + q2
y , and πq2

m = SBZ/2 with the first BZ area
SBZ (8π2/

√
3a2). Equation (15a) shows that �s

2,22 is an odd
function of qx . Therefore, �s

2,22 affects the work function [46]
but has no contributions to piezoelectricity, because its inte-
gral is zero. Consequently, �v

2,22 mainly contributes to e222.
The analytical expression of e222 in Eq. (16) demonstrates
the clear relation among the piezoelectricity, lattice constant,
band gap, EGP, and energy parameters (t and α), and hence it
provides a direct estimation of the piezoelectric coefficient for
TMDMs.

C. Electromechanical coupling correlations
between PMF and piezoelectricity

For a deformation without strain gradients, there is no
strain-induced PMF in 2D materials. In addition, the lattice
correction has no contributions to PMF. In general, if the
armchair direction of TMDMs has an angle θ to the x axis,
the PMF, B = (∇ × A) · ez, is written as [64–70]

B

B0
= −

[
∂ (εxx − εyy )

∂x
− 2

∂εxy

∂y

]
sin(3θ )

−
[
∂ (εxx − εyy )

∂y
+ 2

∂εxy

∂x

]
cos(3θ ), (17)

where B0 = h̄αβ/aet represents the PMF strength. Using
Eq. (16) and B0 = h̄αβ/aet , we cancel the unknown factor
αβ and further write the PMF strength as

B0 =
πh̄

√
16

√
3πt2 + 3
2

e2(
√

16
√

3πt2 + 3
2 − √
3
)

e222. (18)

The calculated B0 for TMDMs by Eq. (18) is listed in
Table IV. For the same deformation B0 for TMDMs is larger
than that for graphene with its PMF strength (B0 ∼ 1 ×
10−5 T m) [35]. The strain-induced large PMF in TMDMs
is manifested by the giant valley drift [71]. Therefore, strain
even with a small magnitude has a remarkable effect on
the electronic, optical, and magnetic properties of TMDMs
[41,44–46].

D. Trigonal warping effects on the piezoelectricity of TMDMs

The trigonal warping changes the distribution of the Berry
curvatures in the first order continuum approximation near

TABLE V. Fitting values for energy parameters �, t , γ1, γ2, and
γ3 (in units of eV) between the continuum approximation involving
the trigonal warping and the TB model for TMDMs.

MoS2 MoSe2 MoTe2 WS2 WSe2 WTe2

� 1.6579 1.4293 1.2302 1.8062 1.5412 1.0668
t 1.0301 0.8752 0.7186 1.2910 1.0812 0.9462
γ1 0.1413 0.0803 0.1349 0.1783 0.1802 0.1903
γ2 0.0115 0.0203 0.0282 0.0531 0.0086 0.0857
γ3 −0.1047 −0.0826 −0.0138 −0.0853 −0.0760 −0.0692

the K valley and hence also contributes to the piezoelec-
tricity of TMDMs. By fitting the energy band structures
between the TB and k · p models for unstrained TMDMs,
we obtain the energy parameters (�, t , γ1, γ2, and γ3) for
all TMDMs involving the second order approximations, as
shown in Table V. For the second order approximation, the
energy eigenvalues and normalized eigenstates in Eqs. (10)
for the conduction (+) and valence (−) bands read

E0
± = �+ + �− ± √

4|f (qx, qy )|2 + (�+ − �−)2

2
, (19a)

|u0
±〉 = 1√

2E0+ − �+ − �−

⎡
⎣ f (qx ,qy )√

E0+−�±

±
√

E0+ − �±

⎤
⎦, (19b)

where �+, �−, and f (qx, qy ) have been set as

�+ = γ1a
2
(
q2

x + q2
y

) + (�/2), (20a)

�− = γ2a
2(q2

x + q2
y

) − (�/2), (20b)

f (qx, qy ) = at (qx − iqy ) + γ3a
2(qx + iqy )2. (20c)

The partial derivative of Hamiltonian including the trigonal
warping in Eqs. (10) with respect to qy reads

∂H0(q )

∂qy

=
(

2γ1a
2qy ∂f (qx, qy )/∂qy

∂f ∗(qx, qy )/∂qy 2γ2a
2qy

)
, (21)

where ∂f (qx, qy )/∂qy = −iat + i2γ3a
2(qx + iqy ) and

∂f ∗(qx, qy )/∂qy = iat − i2γ3a
2(qx − iqy ). In this case, the

corresponding Berry curvatures read

�2,22 = �s
2,22 + �v

2,22, (22a)

�s
2,22 = 2aβ(αc − αv )(t − 2aqxγ3)(aqxt + a2q2γ3)

[4|f (qx, qy )|2 + (�+ − �−)2]3/2
, (22b)

�v
2,22 = 2aαβ(t − 2aqxγ3)[2a2q2

y (γ2 − γ1) + (�+ − �−)]

[4|f (qx, qy )|2 + (�+ − �−)2]3/2
.

(22c)

Then the piezoelectric coefficient e222 reads

e222 = 4e

(2π )2

∫ 2π

0
dθ

∫ qm

0

(
�s

2,22 + �v
2,22

)
q dq, (23)

where q =
√

q2
x + q2

y , and πq2
m = SBZ/2 with SBZ =

8π2/
√

3a2 in order to conserve the total number of states. Dif-
ferent from the first order approximation, the strain-induced
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scalar potential in the second approximation also benefits the
piezoelectric coefficient, because the previous odd distribution
of the Berry curvature �s

2,22 in Eq. (15a) with respect to qx

has been changed by the trigonal warping, as demonstrated
in Eqs. (22b). Consequently, the piezoelectric coefficient con-
tains two parts contributed by both scalar and vector poten-
tials.

V. DISCUSSIONS AND CONCLUSIONS

We now briefly comment on the experiments for the pre-
dicted EGP and PMF by the TB piezoelectric theory and then
make conclusions. Although the phonon Grüneisen parameter
can be extracted from the Raman spectroscopy [42,72], it is
challenging to experimentally measure EGP (β ). Recently,
the time- and angle-resolved photoemission spectroscopy (tr-
ARPES) has been extended to map momentum-resolved elec-
tronic structure and electron-phonon interaction [73]. There-
fore, the strain-tunable electronic band structure and electron-
phonon coupling [38] for TMDMs can be mapped by tr-
ARPES such that β is determined, similar to that of a carbon
nanotube [74]. The strain gradient induced by the nanobubbles
[75] or a uniaxial stretch [76] induces PMF, which leads to
pseudomagnetic quantum Hall effect [77]. Consequently, the
scanning tunneling microscopy and spectroscopy are used to
measure the PMF [78].

We develop an atomic-scale TB piezoelectric theory for
TMDMs. By means of the consistency between the TB and
clamped-ion DFT piezoelectric models, we predict the values
of EGP for TMDMs. Using the TB piezoelectric model in
the continuum approximation, we further build the electrome-
chanical coupling correlation between the electronic part of
piezoelectric coefficient and strain-induced PMF and also
forecast the values of PMF for TMDMs. Our results will
spark more interest in electromechanical couplings in 2D
materials and benefit novel atomically thin piezotronics and
straintronics.

Note added. We note two recent studies [6,79]. In Ref. [6],
they obtain the piezoelectric coefficients for some of the
TMDMs in the continuum approximation. In Ref. [79], the
TB Hamiltonian for 2D strained hexagonal crystals is also
constructed.
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