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A B S T R A C T

Upon realizing the importance of the sweat in controlling the performance of the interface crack
between skin and flexible membrane, the effect of sweat on the crack opening under action of the
far-field tensile stress is analysed in present paper. Application of the complex variable method
and the principle of superposition gives the crack opening displacement and the stress intensity
factors, which are functions of the surface tension, contact angle, location and size of the sweat.
The location of sweat has important influence on the stress intensity factors, although it induces
very little changes in the shape of the crack opening. Without or with the action of a small far-
filed tensile stress, the sweat can induce the crack partial closure. With the increase of the far-
field tensile stress, the crack opening displacement will be large enough to cause the disruption of
the sweat, even induce the crack growth. So, the far-field tensile stress, which can split the sweat,
is derived in present paper.

1. Introduction

In recent years, flexible electronics have attracted much attention due to their biocompatibility, high stretching ability and non-
toxicity. Kim et al. [1] proposed an electronic system, incorporating the sensors, wireless power devices, electronic circuits and
flexible membranes, matched to the epidermis. At present, the flexible electronics is mainly used in the medical area such as to
measure electrical activity produced by brain, heart, skin and so on [2].

The measuring of physiological signals is crucial for medical diagnosis and therapeutics [3,4], so that it requires excellent physical
contact between the flexible membrane and the epidermis. However, there may exit pores between flexible membrane and the
epidermis in reality, and the sweat may appear in these pores to influence the contact between flexible membrane and epidermis. In
modelling, we can regard the sweat as liquid bridges or capillary droplet. So, it’s necessary to study the effect of the liquid bridge on
the interface between skin and flexible membrane.

Recently, there have been many studies focusing on the local deformation of flexible membrane caused by a capillary droplet
[6–8]. Yu and Zhao [9] gave the theoretical solution of the surface deformation of substrates with finite thickness induced by a sessile
liquid droplet based on the Lester’s assumptions by the virtue of Hankel transformation. Karpitschka et al. [10] analysed the stick-slip
motion for viscoelastic capillary dynamics valid beyond droplets. Park et al. [11] proposed that the cusp of the ridge was bent with an
asymmetric tip, which were determined by the surface stresses. Yang et al. [12] analysed the effect of a capillary bridge on the crack
opening of a penny crack.

In summary, liquid bridges or liquid droplets play an important role in controlling the performance of the flexible membranes.
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And in this study, we investigate the effect of a liquid bridge on the crack opening and the stress intensity factor of an interface crack
between skin and flexible membrane (such as silicone). At first, we theoretically analyse the solutions of an interface crack subjected
to a uniform pressure along part of the crack surface by using the complex variable method. And then the crack opening displacement
and the stress intensity factor of an interface crack under concurrent action of sweat bridge and far-field tensile stress are calculated
by using the principle of superposition. Finally, numerical calculations have been carried out to show the influences of the sweat’s
location and size on the crack opening displacement and the stress intensity factors.

2. Formulation of the problem

Yu et al. [9] found that there is a saturation membrane thickness of millimetre scale. If the thickness is larger than the saturation
value, the membrane can be regarded as a semi-infinite solid. Consider a stationary interface crack with a stationary liquid bridge in
an infinite space shown as in Fig. 1.

By using the complex variable method [13,14], the solutions of the interface crack shown as in Fig. 1 depend on the four unknown
complex functions zΦ ( )j and zΨ ( )j , j=1,2, of the complex variable = + =z x iy reiθ. The basic equations are
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where ηj is − ν3 4 j for plane strain and − +ν ν(3 4 )/(1 )j j for plane stress, Gj is shear modulus.
Before solving this problem, the oscillation index ε is defined as

Nomenclature

a the crack length
b the distance from the right bound of sweat bridge

to the right tip of crack
c the distance from the left bound of sweat bridge to

the right tip of crack
−c b the wetting area of sweat bridge

+b c( )/2 the distance between right tip and the centre of
sweat bridge

Ej Young’s modulus (j=1, 2)
Gj shear modulus (j=1, 2)
h the initial height of sweat bridge
hd the equivalent height of sweat bridge
K the overall stress intensity factors
K1 the stress intensity factors subjected to a pressure

along part of the crack surface
K2 the stress intensity factors under the action of a

far-field tensile stress
p the capillary pressure of sweat bridge
rL R; the distance to the left or right tip of crack
S the size of sweat bridge

u u;x y displacement components
σ σ τ; ;x y xy stress components
γ the surface tension of the sweat
δ the thickness of the liquid-vapour interface
ε the oscillation indexes
θ polar coordinates based on the right tip of crack
θ θ; d0 the actual and equivalent contact angle of sweat

bridge
νj Poisson’s ratio (j=1,2)
σ0 far-field tensile stress
σm the far-field tensile stress which ruptures the sweat

bridge
χ the stress over the liquid-vapour interface
Δ1 the crack opening under the action of a pressure

along part of the crack surface
Δ2 the crack opening under the action of a far-field

tensile stress
z zΦ ( );Ψ ( )j j Goursat functions (j=1,2)

X complex conjugate of parameter X
∼X dimensionless form of parameter X

Fig. 1. Schematic of an interface crack with a liquid bridge in an infinite space.
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According to Rice [13,16], stress intensity factors in general may be considered as the strength of the stress singularities at crack tips
and can be expressed as
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where X means the complex conjugate of parameter X.
The boundary and continuity conditions for the interface crack in Fig. 1 are

− = − > ∧ < −+ + − −σ x iτ x σ x iτ x x x a( ,0 ) ( ,0 ) ( ,0 ) ( ,0 ) 0y xy y xy (4)

+ = + > ∧ < −+ + − −u x iu x u x iu x x x a( ,0 ) ( ,0 ) ( ,0 ) ( ,0 ) 0x y x y (5)

= = − < <+ −τ x τ x a x( ,0 ) ( ,0 ) 0 0xy xy (6)

±∞ = −∞ < < + ∞σ x σ x( , )y 0 (7)

Lester [15] supposed the liquid-vapour interface of the liquid droplet had a thickness of δ, and the surface tension acted uniformly
in the zone of this thickness, just like Fig. 2.

Similarly, the capillary pressure p and the normal stress over the liquid-vapour interface χ of the liquid bridge [12] shown in
Fig. 1 can be calculated as
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And the normal stress on the crack surface can be obtained as
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Before solving this problem, the following dimensionless parameters are introduced:
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Using the principle of superposition, the interfacial crack problem with the boundary conditions of Eq. (6)–(9) can be transformed
into the following three sub-problems [12].

Sub-problem I and II:

The normal stresses on the crack surface are
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Fig. 2. Sketch of deformation and stress analysis of soft material induced by a water droplet [9].
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Sub-problem III:

The normal stress on the crack surface is

̃ ̃± = − < <σ r π σ r( , ) 0 1y R R
3

0 (13)

which represents the equivalent pressure applied on the crack surface due to the far-field tensile stress.

3. The crack opening displacement and stress intensity factor

3.1. Preliminary solution based on sub-problem I and II

Application of the method of Rice [13] to Eq. (1)–(3), by virtue of the boundary conditions of (4)–(6), gives the four complex
functions mentioned in Eq. (1) as
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Then the function g(z) is given as
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And the crack opening displacement in Fig. 3 is obtained as
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And the stress intensity factors under the action of pressure p along part of the crack face, K1R and K1L, are obtained as
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where the subscript R and L denote to the right and left tip of crack, respectively.
The above unknown parameters are given by
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where m is the order of Taylor series expansion, and the larger m is, the more accurate the solution is.

Fig. 3. An interface crack subjected to pressure p along part of the crack surface.
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where C1n, C2n and C3n are the parameters to describe the stress field and the stress intensity factors.
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where D1n, D2n and D3n are the parameters to describe the displacement field.

3.2. The accuracy of the preliminary solution

When
∼b =0 and ∼c =1, the solutions of the interface crack shown as in Fig. 3 reduce to those of an interface crack with uniform

stress on the crack surface shown in Fig. 4c.
In Fig. 4b, the stress intensity factor of crack-free body is zero and the vertical displacement is zero at the interface due to

symmetry. Therefore, the stress intensity factors and crack opening displacement of the interface crack shown in Fig. 4c are
equivalent to that of Fig. 4a. So, crack opening displacement [16,17] of the interface crack shown in Fig. 4c can be expressed as
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and the stress intensity factor under the action of a far-field tensile stress [16,17] as

= +−K σ σ a π εi2( )
2

(1 2 )iε
0 0

0.5
(23)

To estimate the accuracy of present analytic solutions, comparison is made with the solutions of the crack opening displacement
and stress intensity factors provide by Rice et al., i.e. comparing Eq. (17), (18) with Eq. (22), (23) respectively. The following
parameters are used in the calculation:

∼b =0, ∼c =1, E1 =65 kPa, ν1 =0.48, E2 =130 kPa, ν2 =0.43 and σ0 =15 kPa.
Fig. 5 and Table 1 depict the crack opening displacement and the stress intensity factors obtained by two different methods.

Clearly, very accurate results are obtained by present analytic solutions.

3.3. The solutions of the interface crack problem shown in Fig. 1

By applying the principle of superposition to Eq. (17) and (18) and (22), (23), by the virtue of (11)–(13), the crack opening
displacement of the interface crack shown in Fig. 1 is obtained as
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and the stress intensity factors can be expressed as
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Fig. 4. Schematic of the principle of superposition.
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Fig. 5. The crack opening displacement obtained by two solutions.

Table 1
Stress intensity factors obtained by two solutions (K= KI+ KII I and dimensionless parameters K*=K/σ0/(a)0.5−iε).

Classical solution [16,17] Present analytic solution

K2I* K2II* K1I* K1II*

1.25331 0.06263 1.25339 0.06261

Fig. 6. The crack opening displacement under the action of different variables: (a) the location of sweat; (b) the contact angle; (c) the thickness of the liquid-vapour
interface; (d) the far-field tensile stress.
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where ∼Δ1 and ∼Δ2 are from Eq. (17) and (22) respectively, K1L R; are from Eq. (18), K2 is from Eq. (23).

4. Numerical results and discussion

4.1. Univariate analysis

Numerical results are obtained to demonstrate the effect of the sweat bridge on the interface crack opening displacement and the
stress intensity factors. Consider an interface crack between the flexible membrane (such as silicone) and skin, subjected to the action
of a sweat bridge. The Young’s modulus of silicone E1 and skin E2 are 65 kPa and 130 kPa [5], respectively. The Poisson ratio of
silicone ν1 and skin ν2 are 0.48 and 0.43, respectively. The surface tension of water γ is 72 mN∗m−1. The initial height of sweat h is
0.1 μm. Yu and Zhao [9,12] used 1, 10, 40 nm for δ in their analysis. The unit of p or χ, which is calculated in Eq. (8) by using above
parameters, is “MPa”, so that the unit of the remote tensile stress σ0 is given as “MPa” in the following calculation.

Fig. 6 shows the effect of different variables on the crack opening displacement by using the following common parameters:
a=1 μm [12], c− b=0.2a, δ=10 nm. The different variables in each figure are as follow: (a) σ0 =0MPa, θ0 =120° and supposing
b to be 0.2a, 0.4a and 0.6a, respectively; (b) σ0 =0.6MPa, b=0.2a and supposing θ0 to be 60°, 90° and 120°, respectively; (c)
σ0 =0.4MPa, θ0 =120° and supposing δ to be 1,10 and 40 nm, respectively; (d) δ=10 nm, θ0 =120° and supposing σ0 to be 0, 0.1
and 0.5MPa in the calculation.

We find that the crack opening shown in Fig. 6 all have ridges at the boundary of the sweat bridge. This phenomenon is due to the
normal stress over the liquid-vapour interface. In Eq. (8), δ is less than h, so that χ is larger than p. Larger stress will lead to larger
deformation on the crack surface, so the deformation over the liquid-vapour interface is larger and the ridge exits at the boundary of
sweat bridge.

As shown in Fig. 6a and Table 2, the maximum crack opening displacement increases slightly when the sweat is closer to the
centre of crack. And Table 2 shows that the stress intensity factor decreases when sweat is apart from the crack tip. So that we can
consider that the location of sweat is an important variable on the crack growth, although it induces the shape of crack opening to
change slightly.

From Fig. 6b and Table 2, it is evident that the larger the contact angle is, the larger the crack opening displacement will be and
the stress intensity factor manifests the same trend. However, the crack opening displacement along the contact line is less than that
apart from the sweat bridge when the contact angle is less than 90°. This result is due to the fact that the overall capillary force is
tensile on the crack surface when the contact angle is less than 90°, according to Eq. (8).

Fig. 6c shows us that the crack opening displacement decreases and the wetting ridges become smoother with the increase of the
capillary layer’s breadth δ. Such behaviour is induced by the vertical component of the surface tensions over the wetting ridges
according to Eqs. (8) and (9). The larger the δ is, the smaller χ will be. Smaller stress will lead to smaller deformation on the crack
surface. In addition, Table 2 shows that the capillary layer’s breadth δ induces the change of the stress intensity factor slightly.

From Fig. 6d, we can find that without the action of a far-field tensile stress or with the action of a small far-field tensile stress,
there may exist overlap between two crack surfaces. Such phenomenon is due to the vertical component of the surface tensions over
the wetting ridges. And the size of sweat bridge also influences the size of crack closure.

4.2. Analysis in consideration of the actual crack shape

From Eq. (24), we know that the calculation of the crack opening displacement depends on the initial height of sweat bridge h,
however the shape of sweat bridge is related to the crack opening displacement in reality, just like Fig. 7a. So, it is not reasonable to
give the initial height of sweat bridge directly to calculate the crack opening displacement, which may lead to the unreasonable
situation that the crack opening displacement far outweigh the initial height of sweat, just like Fig. 6. To solve the above problem, we
can consider that the size of actual sweat is the same to that of the equivalent crack, i.e. (S1+ S2+ S3)actual = (S1+S2+S3)equivalent.
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Table 2
The maximum crack opening in Fig. 6a and the stress intensity factors to the right tip in Fig. 6a–c. (KR=KRI + KRII I).

Fig. 6-a Fig. 6-b Fig. 6-c

∼rR
∼Δmax KRI (Pam0.5−iε) KRII θ0 (°) KRI KRII δ (nm) KRI KRII

0.3 2.80 16.30 5.85 60 489.77 215.72 1 476.63 197.87
0.5 2.84 13.11 4.75 90 584.08 249.69 10 476.45 197.79
0.7 2.80 9.20 3.53 120 708.09 294.39 40 475.76 197.46

W. Xian et al. Engineering Fracture Mechanics 193 (2018) 162–171

168



⎧

⎨

⎪⎪

⎩
⎪⎪

= −

= −

= −

−

−

( )S θ

S c b h

S θ

( ) tan

( ) ( )

( ) ( tan )

h θ π
θ d

d

h θ π
θ d

1 equivalent 4
/ 2

cos

2 equivalent

3 equivalent 4
/ 2

cos

d d
d

d d
d

2

2

2

2 (27)

where rΔ ( )y R is the imaginary part of rΔ( )R , i.e. =r rΔ ( ) Im[Δ( )]y R R .
In consideration of the following three points: the unknown relation between θ0 and θd, the complexity of bΔ ( )y

2 and the fact that
the value of hd is between bΔ ( )y and +b cΔ [( )/2]y , we may assume that the sizes of part S1 and S2 are approximately equal, i.e.
(S1)actual≈ (S1)equivalent and (S3)actual≈ (S3)equivalent, respectively. So, the relationship between hd and rΔ ( )y R is

=S S( ) ( )2 actual 2 equivalent

̃ ̃
⎜ ⎟= ⎡

⎣
⎢ + ⎛

⎝

+ ⎞

⎠
+ ⎤

⎦
⎥

∼ ∼∼ ∼ ∼ ∼h c b c b1
4

Δ ( ) 2Δ
2

Δ ( )d y y y
(28)

Substituting Eq. (24) into Eq. (28), we have

− + + =∼ ∼h h I σ I I4 [ ] 0d d
2

11 0 12 2 (29)

By solving Eq. (29), the equivalent height of sweat bridge can be expressed as

=
+ + + −∼h

I σ I I σ I I[ ] [ ] 16
8d

11 0 12 11 0 12
2

2

(30)

where

̃
̃
̃

̃ ̃
̃ ̃
̃

⎧

⎨
⎩

⎫

⎬
⎭

=
⎧

⎨
⎪

⎩⎪

− + ⎫

⎬
⎪

⎭⎪

∼

∼

∼ ∼∼

∼
∼

E r
E r
F r

p b δ c δ r p

p b c r p
σ r σ

1( )
2( )
( )

Δ1( , , , )/

Δ1( , , , )/
Δ2( , )/

R

R

R

R

R

R0 0 (31)

Fig. 7. Sketch of actual crack and equivalent crack (Δy is the vertical component of crack opening).

Fig. 8. The disruption of sweat bridge in equivalent crack.
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δ a

b c b c

b c

γ θ
a
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2

sin
2 2

2

2 cos
2

d

d

(32)

Then substituting
∼hd for

∼h in Eq. (24) and (25) will result in the crack opening displacement and the stress intensity factors of the
equivalent crack problem.

As mentioned in Fig. 6d, the crack opening displacement increases with the increase of far-field tensile stress. And it will
eventually result in the disruption of the sweat bridge. By using the method of the equivalent crack, we can obtain the far-field tensile
stress σm which can split the sweat bridge by using the following model [18].

According to the geometry of the sweat bridge in Fig. 8, we can obtain

⎧

⎨
⎩

= −

= − −−

( )
( )

R θ

R R θ

sin

cos

h π
d

c b π
d

2 2

2 2

d

(33)

So, we can obtain the relation between hd, c− b and θd as

−̃
=

−∼
∼h

c b
θ

θ
cos

1 sin
d d

d (34)

And from Eq. (27), i.e. S= S1+ S2+ S3, the size of sweat bridge in Fig. 8 is given as

̃ ⎜ ⎟= − − ⎛
⎝

− − ⎞
⎠

∼ ∼ ∼
∼S c b h h π θ

θ
θ( )

2
/2

cos
tand

d d

d
d2 (35)

By solving Eqs. (34) and (35), we can obtain the value of
∼hd and θd when the wetting zone c− b is given.

Then solving Eq. (29) by replacing σ0 with σm, the far-field tensile stress σm which can split the sweat bridge is given as

= ⎡
⎣
⎢ + − ⎤

⎦
⎥

∼
∼σ h I
h

I I4m d
d

2
11 12

(36)

where I11, I12 and I2 can be obtained by applying θd into Eq. (32).
Fig. 9 shows the effect of the sweat’s size on the far-field tensile stress which can split the sweat bridge under different locations of

sweat by using the following parameters: a=1 μm, c− b= a/5 and δ=10 nm.
As shown in Fig. 9b, the crack closure may exist among the liquid-vapour interface although the sweat bridge is in disruption. In

addition, we obtain
∼hd as about 0.48 in this case. In combination with Fig. 9b, the ratio of

∼hd and ∼Δ is in reasonable range, so we can
consider the assumption of equivalent crack is reasonable.

From Fig. 9a, when the sweat is closer to the crack tip, a larger far-field tensile stress is needed to disrupt the sweat. However, the
increase of the far-field tensile stress may lead to the crack propagation and we usually do not know the exact position of sweat in
practice. So, we can consider the far-field tensile stress, which can disrupt the sweat bridge, to be the criterion of the sweat’s rupture
in practical applications, when the sweat bridge is in the centre of the crack.

Fig. 9. (a) The far-field tensile stress, which can split the sweat bridge, under different sizes and locations of sweat bridge. (b) The crack opening when the sweat bridge
is split, ∼S =0.03, (

∼b +∼c )/2= 0.5.

W. Xian et al. Engineering Fracture Mechanics 193 (2018) 162–171

170



5. Summary

To study the effect of the sweat on the interface crack between skin and flexible membrane, we regard it to be a problem of an
interface crack with a liquid bridge between two crack surfaces. Considering the capillary effect of the sweat bridge, the method of
Lester is used to describe the normal stress on the crack surface. The crack opening displacement and the stress intensity factors are
derived by using the complex variable method. It has been found that the location of sweat plays an important role in the calculation
of the stress intensity factors, although it affects the shape of crack opening slightly. With the increase of the contact angle, the crack
opening displacement increases substantially. This result reveals the importance of the sweat’s size on the property of the crack
surface. Without or with the action of a small far-field tensile stress, the crack may be induced to partial closure. And the increase of
the far-field tensile stress will increase the crack opening displacement, eventually split the sweat bridge into two parts. Due to the
inconsequence caused by giving the initial thickness of sweat bridge directly in calculation, we take the assumption of equivalent
crack to solve it. The far-field tensile stress causing the disruption of sweat bridge is obtained analytically. It’s shown that the effect of
the far-field tensile stress on disrupting the sweat bridge also depends on the sweat’s size and location. In summary, the analysis
reveals the importance of sweat or capillary bridge in controlling the performance and reliability of the flexible membrane.
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