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Abstract Conventional heat transfer fluids usually have
low thermal conductivity, limiting their efficiency in many
applications. Many experiments have shown that adding
nanosize solid particles to conventional fluids can greatly
enhance their thermal conductivity. To explain this anoma-
lous phenomenon, many theoretical investigations have been
conducted in recent years. Some of this research has indi-
cated that the particle agglomeration effect that commonly
occurs in nanofluids should play an important role in such
enhancement of the thermal conductivity, while some have
shown that the enhancement of the effective thermal conduc-
tivity might be accounted for by the structure of nanofluids,
which can be described using the radial distribution func-
tion of particles. However, theoretical predictions from these
studies are not in very good agreement with experimental
results. This paper proposes a prediction model for the effec-
tive thermal conductivity of nanofluids, considering both the
agglomeration effect and the radial distribution function of
nanoparticles. The resulting theoretical predictions for sev-
eral sets of nanofluids are highly consistentwith experimental
data.
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1 Introduction

The intrinsically low thermal conductivity of conventional
heat transfer fluids is one of the major limitations on devel-
opment of high-efficiency cooling devices in industrial fields.
To achieve development objectives, these fluids must be
replaced or their thermal properties improved. On the other
hand, it is well known that solid particles exhibit better ther-
mal conductivity compared with conventional heat transfer
fluids.However, addition ofmicro- ormillisize solid particles
to base fluids, which will enhance the thermal conductivity,
also results in anomalous, high flow resistance and severe
pipe wear. These negative side-effects have been obstacles
to their feasible applications. In 1995, a breakthrough study
on enhancing the thermal conductivity of conventional heat
transfer fluids was carried out by Choi and Eastman [1], who
put forward the concept of , viz. a suspension of nanoparti-
cles dispersed in a conventional fluid, and firstly synthesized
Al2O3–water nanofluid. Intriguingly, he found that addition
of nanoparticles to conventional fluids resulted in anoma-
lously enhanced thermal conductivity. In recent years, many
experimental investigations have also been performed on
thermal conductivity enhancement of nanofluids [2–8]. For
example, Lee et al. [2] measured the thermal conductiv-
ity of several kinds of nanofluids, revealing enhancements
of about 12.1% for 3.4vol.% CuO–water nanofluid and
9.3% for 4.0vol.% Al2O3–water nanofluid. They also found
that the nanoparticles in these systems were agglomerated
(Fig. 1a, b), since they did not use an electrostatic repul-
sion technique during the preparation of nanofluids. Kole
and Dey [8] studied the effects of volume fraction and tem-
perature on the enhancement of the thermal conductivity of
gear-oil-based nanofluid. Data from transmission electron
microscopy (TEM) (Fig. 1c) and dynamic light scattering
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Fig. 1 TEM images of different nanofluids. a Al2O3–water (from Lee et al. [2]). b CuO–water (from Lee et al. [2]). c CuO–gear oil (from Kole
and Dey [8]). d Cu–EG (from Eastman et al. [3])

(DLS) measurements confirmed the presence of agglomer-
ated nanoparticles in their prepared nanofluids. Moreover,
the thermal conductivity enhancement was about 10.4% for
2.5vol.% CuO loading at 30 ◦C. Intriguingly, the results of
Eastman et al. [3] showed that, for a nanofluid consisting of
ethylene glycol (EG) and only 0.3vol.% Cu nanoparticles,
the thermal conductivity was measured to be increased by
40%, while very little agglomeration of Cu particles was
observed by TEM (Fig. 1d).

These amazing experimental resultsmotivated researchers
to study the heat conductionmechanisms behind the effective
thermal conductivity of nanofluids theoretically. Most exist-
ing models are based on effective medium theory, in which
the size, shape, and volume fraction of particles are typically
incorporated as variables, and the interfacial nanolayer at
solid–liquid interfaces is also taken into account [9–14]. For
instance, Lu and Song [9] developed a theoretical model to
secondorder in volume fractionφ to predict the effective ther-
mal conductivity of composites with coated or bonded spher-
ical inclusions. Yu andChoi [10,11] believed that the several-
nanometer-thick interfacial nanolayer at solid–liquid inter-
faces played an important role in the effective thermal con-
ductivity of nanofluids, proposing two novelmodels based on
theMaxwellmodel andHamilton andCrossermodel, respec-
tively.Xue andXu [12] alsomodifiedBruggeman’smodel for
the effective thermal conductivity of nanofluids by taking the

interfacial layer effect into account. However, like the predic-
tions of classical models (some of which are listed in Table 1)
applied for computing the effective thermal conductivity of
mixtures including millimeter-size or micrometer-size solid
particles, the predictions of their models were lower than
experimental results for the thermal conductivity of nanoflu-
ids. The weakness of these modified classical models for the
thermal conductivity of nanofluids indicates that somemech-
anisms may have been missed.

Since nanoparticles have high surface energy, they eas-
ily agglomerate together when added to a base fluid, as
shown in some experimental results [2,4–8].Moreover, adja-
cent particles in agglomerates create percolation paths with
lower thermal resistance, which may have a major effect
on the effective thermal conductivity [15,16]. To estimate
the contribution of this agglomeration effect to the thermal
conductivity enhancement of nanofluids, several prediction
models have been proposed. Based on the effective ther-
mal medium approximation and fractal theory, Wang et al.
[17] developed a fractal model for nanofluids to take the
agglomerates and their radial distribution into account. Their
predictions for the effective thermal conductivity of CuO
nanofluids fit successfully with their experimental data for
φ < 5%. However, this model could not match a wide
range of experimental results and not be able to predict the
nonlinear behavior of the effective thermal conductivity of
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nanofluids. Prasher et al. [18] used a three-level homogeniza-
tion method, validated by Monte Carlo simulations of heat
conduction in fractal aggregates, to investigate the role of
agglomeration in the enhancement of the purely conductive
phenomenon in nanofluids. Their prediction results showed
that the conductivity enhancement strongly depended on
the fractal dimension of the agglomerates and their radius
of gyration. Feng et al. [19] considered the nanolayer and
agglomeration effects of particles and proposed a theoreti-
cal model for the thermal conductivity of nanofluids based
on a two-dimensional (2D) lattice model, assuming that
the formation of agglomerates followed the simple pack-
ing principle. Zhou and Wu [20] proposed a theoretical
model to predict the thermal conductivity of nanofluids,
in which the influence of nanoparticle clusters was con-
sidered, by introducing particle size distribution, with an
assumption that particles in clusters aggregated with each
other closely. Xiao et al. [21] took into account heat con-
vection between nanoparticles and liquids due to Brownian
motion of nanoparticles in nanofluids. Their expression for
the thermal conductivity of nanofluids was developed based
on fractal geometry theory. However, the randomdistribution
and disorder effect of nanoparticles to structure formation
in nanofluids contribute to heat conduction. Therefore, these
effects should be considered in the predictionmodel for effec-
tive thermal conductivity of nanofluids, by introducing the
radial distribution function of nanoparticles [9,22–24].

Against this background, we propose herein a model for
predicting the effective thermal conductivity of nanofluids.
The development of the model proceeds as follows: The
nanofluid system is first divided into several parts, each
of which contains agglomerates at a specific level with a
nanolayer and the surrounding base fluid; We treat each
agglomerate and its surrounded nanolayer as an equilib-
rium agglomerate with equilibrium nanolayer. To describe
the effect of the presence of agglomerates on the effective
thermal conductivity in each equilibrium part, a radial dis-
tribution function is introduced. Thus, the effective thermal
conductivity of the whole system can be evaluated by com-
bining each part. In this way, the agglomeration effect and the
radial distribution function of the nanoparticles are taken into
account. Finally, the predictions of the present model for sev-
eral sets of nanofluids are also compared with experimental
results, as well as with other theoretical models.

2 Models of effective thermal conductivity

2.1 Earlier models

Many classical models have been developed to calculate the
effective thermal conductivity of solid–liquid suspensions.
However, these classical models apply to dilute suspensions

containing milli- or microparticles. To extend them to pre-
dict the effective thermal conductivity of nanofluids, various
researchers have proposed modified models derived from
classical models. Some of these are listed in Table 1.

2.1.1 Present model

The TEM images in Fig. 1a–c show nanoparticle agglomer-
ates of different sizes. This random distribution of multisize
agglomerates (or multilevel agglomerates) makes a great
contribution to the enhancement of the heat conduction in
nanofluids. Therefore, we introduce an equivalent agglom-
eration method [28] to take the agglomeration effect into
account in the thermal conductivity calculation. A schematic
of themethod is shown inFig. 2.Themain idea is that themul-
tilevel agglomerates consist of two parts: pure solid-phase
particle material and liquid phase bounded in pores. For an
i th-level agglomerate, the contained solid-phase particles are
regarded as an equivalent solid particlewith the samevolume,
while the liquid phase, including the liquid in the gaps and the
nanolayer on the surface of the agglomerate, is considered
as an equivalent interfacial nanolayer on the surface of the
equivalent solid particle. The equivalent nanolayer thickness
ti satisfies the equation: ti = Ri

pe − Ri
p, where Ri

pe and Ri
p

are the radius of the equivalent agglomeration particle i and
equivalent solid particle i , respectively. Moreover, each pri-
mary single particle with its interfacial nanolayer is treated as
a zero-level agglomerate for convenience, thus R0

p represents
the radius of such a single solid particle.

Since the random distribution of each level of agglomer-
atesmakes a different partial contribution to the enhancement
of the heat conduction in the nanofluid, the agglomera-
tion ratio λi of the i th-level agglomerates is introduced to
weigh their contribution to the total thermal conductivity
enhancement. The agglomeration ratio λi can be calculated
as λi = Ni

c/N , where Ni
c and N are the number of agglom-

erates i and the total number of particles (single particles
and agglomerates), which can both be measured approx-
imately from TEM images. Moreover, λi should satisfy∑n

i=0 λi = 1, i = 0, 1, 2. . . . , n.
To calculate the effective thermal conductivity, we assume

that the contribution of each level of agglomerates to the
effective thermal conductivity of the nanofluid complies with
the principle of linear weighted superposition. Thus, we
define kie as the effective thermal conductivity of a nanofluid
in the presence of only i th-level agglomerates, which can be
expressed as [9]

ke
kf

= 1 + 3θ1φ
i
e + 3θ2

1

(
φi
e

)2

1 − θ1φi
e

+M∗ (
φi
e

)2

1 − θ1φi
e
, i = 0, 1, . . . , n. (1)
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Table 1 Earlier theoretical models of effective thermal conductivity of solid–liquid suspensions or nanofluids

Model Expression Remarks

Classical models

Maxwell [25] ke
kf

= kp+2kf+2φ(kp−kf)
kp+2kf−φ(kp−kf)

Spherical particles are considered

Hamilton and Crosser [26] ke
kf

= ke+(n−1)kf+(n−1)φ(kp−kf)
ke+(n−1)kf−φ(kp−kf)

Spherical and nonspherical particles are considered:
n = 3 for spheres, n = 6 for cylinders

Jeffrey [22]
ke
kf

= 1 + 3βφ

+ 3βφ2
(
β + ∑∞

p=6
Bp−3Ap

(p−3)2p−3

) Considering Dirac step function as pair distribution
function to describe pair interaction of randomly
dispersed particles

Modified models

Yu and Choi [10] ke
kf

= kpe+2kf+2(1+δ)3φ(kpe−kf)
kpe+2kf−(1+δ)3φ(kpe−kf)

A modified Maxwell model taking the interfacial
nanolayer effect into account

Prasher et al. [18] ke
kf

= ka+2kf+2φa(ka−kf )
ka+2kf−φa(ka−kf )

A model using effective medium theory and considering
the fractal clusters in nanofluids; ka and φa are the
thermal conductivity and effective volume fraction of
agglomerates, respectively

Murshed et al. [27]

ke
kf

= {(
kp − kl

)
φkl

[
2γ 3

1
− γ 3 + 1

]

+ (
kp + 2kl

)
γ 3
1

[
φγ 3 (kl − kf ) + kf

]}

× {
γ 3
1

(
kp + 2kl

) − (
kp − kl

)

×φkf
[
γ 3
1 + γ 3 − 1

]}−1

A modified Maxwell model taking the interfacial
nanolayer effect into account; the nanolayer thickness
satisfies the Hashimoto equation: t = √

2πδ

Subscripts “e,” “f,” “p,” and “l” stand for nanofluid, base fluid, particles, and nanolayer, respectively

Fig. 2 Scheme of equivalent agglomeration method [28]

In Eq. (1), φi
e is the effective volume fraction of agglom-

erate i with its combined nanolayer. The second term on
the right-hand side, first obtained by Maxwell, accounts for
the presence of rigid spheres without interactions; the third
term is a correlation to the first-order coefficient due to the
mutual impenetrability of the spheres. The fourth term takes
into account the thermal interactions (i.e., how the tempera-
ture field around the first spherical particle is affected by the
presence of the second), as well as the structural distribution

of pairs of particles (i.e., how the presence of one particles
affects the location of the other), where the coefficient M∗
can be expressed as

M∗ = 3θ21

∫ ∞

2

⎡

⎣
∑∞

p=6

(
Bp − 3Ap

)
(
Ri
p

r

)p−2
⎤

⎦

×g

(
r

Ri
p

)

d

(
r

Ri
p

)

, (2)
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with

θ1 =

[(

1 + ti
Ri
p

)3

− βpl
βfl

]

βlf

(

1 + ti
Ri
p

)3

+ 2βlfβpl

, (3)

βxy = kx − ky
kx + 2ky

, (4)

and

φi
e = λi

(

1 + ti
Ri
p

)3

φ = λi (1 + δi )
3 φ. (5)

In Eqs. (2)–(5), φ and φi
e are the volume fraction of all

particles without their nanolayers and the effective vol-
ume fraction of agglomerate i with its combined nanolayer,
respectively; Ap and Bp are the coefficients of each term in
the summation, which are expressed in detail in Ref. [22]; r
is the distance between the center of each pair of particles
in the system; θ1 is the dimensionless polarizability, charac-
terizing the interfacial nanolayer effect; βxy is a convenient
measure of the disparity between kx and ky [22,24]; kx and
ky refer to kp, kf , and kl, which are the thermal conductivity
of solid-phase particle, base fluid, and interfacial nanolayer,

respectively. g
(
r/Ri

p

)
is a radial distribution function to

describe the structure of suspensions of identical rigid spher-
ical particles within a liquid, first proposed by Jeffrey [22].
Employing the simplified statistics of a homogeneous struc-
ture, he assumed that the radial distribution function should
satisfy the conditions of low-density limits and temperature
continuity at liquid–solid interfaces, taking the following

form: g → H
(
r − 2Ri

pe

)
(where H is a step function).

However, a step function cannot represent the structure of
an equilibrium rigid sphere fluid at any finite density. Thus,
an alternative radial distribution function is introduced in the
present model, and can be accurately evaluated using the
procedure proposed by Verlet and Weis [29].

It is worth mentioning that the thermal conductivity of the
interfacial nanolayer kl should be a nonlinear function of δ

(ranging from 0 to δi ). If not, it would tend to an infinite
value as the nanolayer became ultrathin [30,31] (t → 0).
Moreover, it decreases from kp to kf as δ changes from 0 to
δi , because the interfacial nanolayer represents an intermedi-
ate state between the bulk solid and liquid phase. Following
the analysis above, the thermal conductivity of nanolayer kl
should become [28,32,33]

kl (δ) = e−ci δ, (6)

where ci = ln
(
kp/kf

)
/δi is related to the ratio δi = ti/Ri

p.
We then use the integral average of Eq. (6) to calculate

the effective thermal conductivity of nanolayer kl, with the
form

kl = 1
δi

∫ δi

0
kl (δ)dδ. (7)

Now, the effective thermal conductivity of the nanofluid, con-
sidering the agglomeration effect, can be expressed as

ke =
∑n

i=0
λi k

i
e, (8)

and the effective thermal conductivity of the nanofluid can be
predicted by substituting Eqs. (1)–(5) andEq. (7) into Eq. (8).
According to experimental studies [2,8], we posit that there
exists one level of agglomeration in a dilute suspension, for
simplicity, thus Eq. (8) becomes

ke = λ0k
0
e + λ1k

1
e . (9)

For the computation using just one-level agglomeration, the
radius of the equivalent solid particle R1

p can be replaced by

the radius of the first-level agglomerate R1
c , since R1

c can
be measured by TEM and the volume of liquid gaps in a
one-level agglomerate are small compared with the solid-
phase particles. Also, the agglomeration ratio of the one-level
agglomerate λ1 can also be estimated by TEM.

Through its consideration of the structural distribution of
pairs of particles, the accuracy of our model is up to order φ2.
Moreover, the present model can also be used to predict the
effective thermal conductivity of nanofluids without agglom-
erates. For such cases, one lets the agglomeration ratio λ1 be
zero, then Eq. (9) degenerates to the model of Lu and Song
with an exponential distribution of thermal conductivity in
the nanolayer.

3 Results and discussion

The present model was validated by comparing its predic-
tion results with several sets of experimental data, as well as
results calculated using other theoretical models for nanoflu-
ids. A linear distribution and a constant value of thermal
conductivity in the nanolayer are employed in the calcula-
tions using the models of Lu and Song and of Yu and Choi,
respectively.

Table 2 presents the values of the parameters λi , δi , and ti
(i = 0, 1) used in our model according to the experimental
data from Lee et al. [2], Kole and Dey [8], and Eastman et al.
[4]. The agglomeration ratio of the one-level agglomerate λ1
was taken as 19%, 14%, 26%, 0% for Al2O3–water, CuO–
water, CuO-gear oil, and Cu–EG, respectively.

The predictions of the present model for the Al2O3–water
nanofluid are in good agreement with the experimental data
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Table 2 Values of parameters used in our model

Type of nanofluid λ1 (%) δ0 δ1 t0 (nm) t1 (nm)

Al2O3–water [2] 19 0.05 0.10 0.96 7.00

CuO–water [2] 14 0.17 0.15 2.00 6.75

CuO–gear oil [8] 26 0.185 0.13 3.90 9.10

Cu–EG [3] 0 1.00 — 3.00 —

Fig. 3 Thermal conductivity variation for Al2O3–water nanofluid [2]

for the Al2O3–water nanofluid synthesized by Lee et al. [2],
as shown in Fig. 3. The average equivalent radius of one-
level agglomerates used in the present calculation is about
R1
c ≈ 70nm based on the scale bar in the TEM images

(Fig. 1a), and the nanolayer thickness of the original par-
ticle and equivalent agglomeration particle are t0 = 0.96nm
and t1 = 7.00nm, respectively. The value of t0 is close to the
results of molecular dynamics (MD) simulation (≈ 1 nm)
carried out by Xue et al. [34] and direct observations using
the X-ray reflection technique, suggesting that the nanolayer
thickness should be several times the water molecule diam-
eter [35]. Meanwhile, the calculation results of Maxwell
model, Lu and Song model with t0 = 1 nm and Yu an
Choi model with t0 = 1 nm, show higher deviations from
experimental data. Comparison between the predictions of
the present model and those obtained using the model of Lu
and Song indicates that the agglomerates of nanoparticles
would make a negative contribution to the effective thermal
conductivity of nanofluids.

For the CuO–water nanofluid, the predictions of the
present and other models are shown in Fig. 4, in compari-
son with the experimental data obtained by Lee et al. The
values of the nanolayer thickness used in the present cal-
culations are chosen as t0 = 2.00 nm and t1 = 6.75nm,
while the average equivalent radius of one-level agglom-
erates was R1

c ≈ 45 nm, based on the scale bar in the

Fig. 4 Thermal conductivity variation for CuO–water nanofluid [2]

Fig. 5 Thermal conductivity variation for CuO–gear oil nanofluid [8]

TEM image (Fig. 1b). Meanwhile, the same value of t0 is
adopted for the predictions using the model of Lu and Song,
with a linear distribution of kl, as well as the predictions
obtained using the model of Yu and Choi, with a constant
kl = 50kf . As expected, good agreement is found between
the predictions of the present model and the experimental
data.

The predictions for the CuO–gear oil nanofluid are illus-
trated in Fig. 5, using values for the nanolayer thickness of
t0 = 3.90 nm and t1 = 9.10nm, and the average equiva-
lent radius of one-level agglomerates is R1

c ≈ 70 nm based
on the scale bar in the TEM image (Fig. 1c). By consid-
ering the agglomeration effect to reach order up to φ2, the
present predictions show better agreement with experimen-
tal data [4] compared with the other models. In addition,
Figs. 4 and 5 reveal that the nanolayer thickness of CuO
nanoparticles in water is much thinner than that in gear oil,
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Fig. 6 Thermal conductivity variation for Cu–EG nanofluid [3]

indicating that the nanolayer thickness depends on the type of
base fluid, as also reported in several previous investigations
[30,36,37].

In the case of the Cu–EG nanofluid, the predictions of
the present model are shown in Fig. 6, in comparison with
the results of other models and experimental data [3]. The
method used by Eastman et al. to synthesize their nanofluid
resulted in little or no agglomerates, as shown in the TEM
image (Fig. 1d). Therefore, we chose an agglomeration ratio
for one-level agglomerates of λ1 = 0% in our calcula-
tions. The good consistency between the effective thermal
conductivity predictions and the experimental data and the
results of other models results from the contribution of order
φ2 and the nonlinear distribution of thermal conductivity
kl. In addition, this also indicates that the chosen values
of δi presented in Table 2 are reasonable. Another impres-
sive finding is that the ratio δi becomes relatively large
if R1

c is small enough, both with and without agglomer-
ates.

4 Conclusions

We present a prediction model for the effective thermal
conductivity of nanofluids, using the equivalent agglomer-
ation method to consider the agglomeration effect. With
the help of the radial distribution function of the nanopar-
ticles in the nanofluid, the present model is up to order φ2

in the volume fraction, comparable to most other theoreti-
cal models. The highly consistent predictions of the present
method indicate that its application for predicting the thermal
conductivity of nanofluids, with or without agglomerates,
is more appropriate than other models, based on compar-
isons with experimental datasets. However, validation of
the chosen values, including the agglomeration ratio and

nanolayer thickness, must be further investigated. Moreover,
other mechanisms for thermal conductivity enhancement,
e.g., based on temperature, pH value, and even viscosity,
might also be considered in future studies.
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