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Abstract
Amagnetic skyrmion is a spinwhirl with topological protection and highmobility to electric current.
Intrinsicmagnetoelastic coupling in chiralmagnets permits themanipulation ofmagnetic skyrmions
and their lattice usingmechanical loads, which is essential for developing future spintronics devices. It
is found in experiments that the stability and deformation of skyrmions are sensitive to stresses, while
the appearance ofmagnetic skyrmions in turn has a significant effect on themechanical properties of
the underlyingmaterial. However, a theorywhich explains these related phenomenawithin a unified
framework is not seen.Here, we construct a thermodynamicmodel for B20helimagnets incorporating
amagnetoelastic functional with necessary higher-order interactions derived by group theory.Within
themodel, we establish themethodology to calculate the phase diagram and equilibriumproperties of
helimagnets under a coupled temperature-magnetoelastic field. Applying themodel to bulkMnSi, we
calculate the temperature-magnetic field phase diagramunder stress-free condition and its variation
when uniaxial compression is applied.We also calculate the variation of all the elastic constants with
themagnetic field. The results obtained agree quantitatively with corresponding experiments. Our
model provides a reliable basis for further theoretical studies concerning anymagnetoelastic related
phenomena in chiralmagnets.

1. Introduction

Recent years havewitnessed a revival of interest in chiralmagnets such asMnSi, Fe0.5Co0.5Si, and FeGe, due to
the experimental observation of a new chiralmodulatedmagnetic state, commonly referred to as the skyrmion
lattice phase [1–3]. The skyrmion lattice phase can be understood as the crystallization of isolated skyrmions, the
latter of which are stabilized by the antisymmetric Dzyaloshinskii–Moriya (DM) interaction [4–6]. A skyrmion is
attractive for its emergent electromagnetic properties such as spinmotive force [7–9] and topologicalHall effect
[10, 11]. The stability and appearance of skyrmions are sensitive tomaterial size, shape [12–16] and various kinds
of externalfields [17–19]. Since the critical current density required to drive themotion of skyrmions ismuch
lower than that for amagnetic domainwall [20, 21], magnetic skyrmions are a promising candidate for the
realization of the next generation spintronic devices.

Magnetoelastic coupling in chiralmagnets permits interaction between skyrmions and the elastic fields of
the underlyingmaterial, which leads to the occurrence of profoundmagnetoelastic phenomena. First, the
application ofmechanical loads can affect or even stabilize the skyrmion lattice. Through a theoreticalmodel
developed upon the Landau–Ginzburg functional, Butenko et al [22]find that uniaxial distortion stabilizes the
skyrmion lattice in a broad range of thermodynamical parameters in cubic noncentrosymmetric ferromagnets,
and further argue that thismechanism is responsible for the formation of skyrmion states observed in thin layers
of Fe0.5Co0.5Si [2]. The stabilization of the skyrmion lattice is also observed in epitaxially grownFeGe thin films
[23] andMnSi thinfilms [24], where themagnetoelastic effects should be significant due to themisfit strains
exerted by the substrate. Later, it is observed in bulkMnSi that uniaxial tension affects the stability area of the
skyrmion lattice phase in the temperature-magnetic field phase diagram [25]. Second, the existence ofmagnetic
skyrmions in turn affects the elastic behavior of thematerial. Through ultrasonic studies [26, 27], it is found that
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the appearance of the skyrmion lattice in chiralmagnets is accompanied by a jumpof elastic stiffness. Finally,
deformation of the skyrmions and their lattice is strongly coupledwith the deformation of the underlying
materials. It is proved theoretically that the presence of skyrmions leads to nontrivial localized elastic fields
[28, 29]when thematerials are free from external forces. Andwhen uniaxial tension is applied, the skyrmion
lattice in FeGe thin film [30] undergoes dramatic distortion two orders ofmagnitude larger than that of the
underlyingmaterial.

To clarify the physicalmechanism behind this, it is significant to establish a theory that can treat these
different aspects ofmagnetoelastic phenomenawithin a unified framework. Previous theoretical studies on
magnetoelastic coupling inMnSi or other chiralmagnetsmainly fall into two categories: one part is developed
upon themagnetostriction theory constructed for ferromagnets with cubic symmetry (hereafter referred to as K
theory) [31], while the other part is developed upon a Landau typemean-fieldmodel constructed for the specific
spin-density-wave phase ofMnSi (hereafter referred to as P theory) [32]. After thorough investigation, wefind
both theories to be oversimplified to explain skyrmion-relatedmagnetoelastic phenomena; the variation of the
elastic constants with themagnetic field examined forMnSi [26, 27] in the skyrmion lattice phase cannot be
understoodwithin both theories. Recently, we became aware of a paper by Zhang andNagaosa [33] addressing
the ultrasonic elastic responses in amonopole lattice using an extended spin-wave theory concerningmagnon–
phonon interaction.While such amicroscopicmodel provides a deeper understanding of the origin of
magnetoelastic coupling in chiralmagnets, it is found that theirmodel ismore applicable toMnGe thanMnSi. A
possible reason is that themagnetoelastic Hamiltonian used in themodel is constructed in amost simple form
instead of a comprehensive description derived upon symmetry consideration. Besides, the effect of transverse
acoustic waves is not taken into consideration in themodel, with the result that it cannot be used to analyze the
variation of the shear elastic constantsC44 andC66 with themagnetic field.

In this paper,we formulate a thermodynamicmodel for B20 helimagnets incorporating a comprehensive
magnetoelastic functional. Themagnetoelastic functional is derived for thefirst time based on symmetry
consideration ofB20 helimagnets, where all necessary higher-order interactions are incorporated, so that variation
of all the elastic constants ofMnSiwith themagneticfield observed in experiments canbequantitatively explained.
Themodel is fundamental for studying any skyrmion-relatedmagnetoelastic phenomena.Here, we explain two
basic utilities of themodel: (a) calculation of temperature-magneticfield phase diagramof anyB20 compounds at
any appliedmechanical loads; (b) calculation of equilibriumproperties for helimagnets at any given temperature,
magneticfield, andmechanical loads.Weapply the theory to bulkMnSi to evaluate the effect ofmagnetoelastic
coupling on the temperature-magneticfield phase diagram, the equilibriummagnetization, and the elastic
constants. Bydoing so, a complete set of thermodynamic parameters is determined forMnSi.

2. Formulation of themagnetoelastic free energy density functional

The space group of B20 compounds is denoted by P213, which corresponds to point groupTor the tetrahedral
group. According to the symmetry requirement of point groupT, we propose the followingmagnetoelastic
energy density functional for B20 compounds, which is written in a rescaled form as
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In equation (1), the rescaledmagnetoelastic energy density w̃me is expressed as a functional of the normal
elastic strains e e e, , ,11 22 33 the engineering shear strains g g g, , ,23 13 12 the rescaledmagnetization

= [ ]m m mm , , T
1 2 3 and itsfirst-order partial derivatives =( )m i j, , 1, 2, 3 .i j, In equations (2)–(4),
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2 and K̃ , L̃ ,1 L̃ ,2 L̃ ,3 = ¼˜ ( )L i, 1, 2, , 6Oi and =˜ ( )L i, 1, 2, 3i2 are thermodynamic

parameters characterizing different orders ofmagnetoelastic interactions. One should note that the engineering
shear strains are related to the shear strains by g e g e g e= = =2 , 2 , and 2 .12 12 13 13 23 23

Putting = =˜ ˜L K 02 in equation (2), w̃me0 reduces to themagnetoelastic interactions defined in theK
theory. Changing thefirst termon the right-hand side of equation (2) to

e e e e e e e- + + - + +˜ [ ( ) ( )]L m m m m m m mii1
2

3
2

11 1
2

22 2
2

33 2
2

11 3
2

22 1
2

33 andmerging similar terms, w̃me0 reduces
to the functional used by the P theory. The discrepancy between theK theory and the P theory in describing
magnetoelastic interactions derives from the symmetry requirement of different point groups in cubic systems,
whichwaswell summarized long ago [34].

Neither theK theory nor the P theory is sufficient to explain the complex variation of elastic coefficients with
the externalmagnetic field discovered in the experiments ofMnSi [26, 27], for which higher-order interactions
w̃me1 and w̃me2 are introduced in equation (1). w̃me1 is neededwhen explaining the discrepancy between the
elastic constants C11 and C33 in the skyrmion phase observed in an ultrasonic experiment ofMnSi. On the other
hand, wme2 is neededwhen explaining the variation of C44 and C66 with themagnetic field [27]. One should note
that the two parts of the functional have already been simplified, where the details are described in appendix A.

3. Extendedmicromagneticmodel incorporatingmagnetoelastic interaction

TheHelmholtz free energy density for cubic helimagnets suffering coupled temperature-magnetoelastic field
can be derived by incorporating themagnetoelastic functional developed in section 2 in theGinzburg–Landau
functional for chiralmagnets with cubic symmetry [1, 4, 5, 35, 36].We present theHelmholtz free energy density
of the system in a rescaled form as
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denote, respectively, the rescaled anisotropic energy density and the rescaled elastic energy density, and w̃me is
obtained by rescaling themagnetoelastic free energy density developed in section 2. In equation (7), w̃ is given as
a functional of the rescaledmagnetization vector m and the elastic strains eij at given rescaled temperature t and
rescaledmagnetic field b. Such a rescaled form reduces the number of effective thermodynamic parameters, and
provides amaterial-independent theoretical framework to discuss the effect ofmagnetoelastic coupling. The
rescaling process and the definition of all quantities with awavy overline are given in appendix B. Equation (7) is
fundamental to study various kinds of phenomena that occur in chiralmagnets suffering coupled temperature-
magnetoelastic field.Here, we discuss two kinds of basic utilities as follows.

3.1. Temperature-magnetic field phase diagram calculation for helimagnets sufferingmechanical loads
Toproceed, thefirst step is to solve the elastic strains at a given temperature,magnetic field, andmechanical
loads, which differ for different kinds ofmechanical boundary conditions. For the displacement boundary
conditionwhere the displacements arefixed at the boundaries as u ,i0 the elastic strains are fully determined by
the boundary condition as e e= ( )u .ij ij i0 For the stress boundary condition, the stresses sij are determined by
solving an elasticity problemusing stressmethods (e.g. themethod of Airy stress function). Then the elastic

strains eij can be solved from the constitutive equations s
e

e
=
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¶
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e sˆ ( ˜ )m,ij ij can be derived by solving an eigenstrain problem [29]. For amixed boundary condition, we generally
have after deduction e e s= ( ˜ )u m, , ,ij ij i ij0 where ui0 is the displacement prescribed at part of the boundary and
s̃ij are the stresses solved using the stress boundary condition prescribed at the other part of the boundary. In all
three cases, the elastic strains can generally bewritten as functions of the rescaledmagnetization m: e e= ( )m .ij ij

In the second step, we substitute e e= ( )mij ij derived above into equation (7), which expresses the rescaled
free energy density as amere functional of m.Then, we consider a specificmagnetic phase, which describes m by
a certainmathematical expression. For chiralmagnets, the knownmagnetic phases include: (i) the general
conical phase
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Equation (13) reduces to (iii) the general helical phase mghelical when =m 0.3 Equation (14) reduces to (iv)
the helical phase mhelical when =m 0,3 and it reduces to (v) the ferromagnetic phase mferro when =m 0.q (vi)
The skyrmion lattice phase is describedwithin the nth order Fourier representation [37] as:
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Equation (15) is constructed upon the hexagonal symmetry of the skyrmion crystal.

When distortion of the skyrmion crystal is considered, the emergent elastic strains have to be introduced in the
Fourier representation [38]. By setting =n 1 and = =c c 0,12 13 equation (15) reduces to the triple-Q
representationwhich can bewrittenwithout loss of generality as

= + +
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After specifying amagnetic phase, one solves themagnetization thatminimizes the averaged free energy

density òe e=( ) ˜ ( )w
V

w Vm m,
1

, d .ij ij For example, if we consider the skyrmion lattice phasewithin the triple-

Q representation, weminimize =¯ ( ) ¯ ( )w w m m qm , ,qtripleQ 0 1 , which determines the independent variables
m m q, ,q0 1 and theminimized averaged free energy density w̄ .tripleQ

In the third step, we repeat the free energyminimization processmentioned above for all possiblemagnetic
phases. The equilibriummagnetic state is the one that yields the smallest averaged free energy density.

In the last step,we change the temperature andmagneticfield, and then repeat the processmentioned above to
determine the equilibriummagnetic state at the newcondition. The temperature-magneticfield phase diagram is
obtained after all points in the phase diagramare considered. Aphase diagramof any twoparameters can be
derived in the sameway ifwe change the temperature andmagneticfield to twonewparameters of interest.

3.2. Equilibriumproperties for helimagnets concerningmagnetoelastic coupling
Toproceed, thefirst step is to determine the equilibriummagnetic state at a given temperature,magnetic field,
andmechanical loads, using themethod introduced above in part A. By doing so, we obtain the value of all
independent variables at the given condition.

The second step is to decidewhich kind of equilibriumproperties are to be discussed and clarify their

thermodynamic definition, e.g. the rescaled elastic stiffness = =
s

e e e

¶

¶
¶

¶ ¶
˜ ˜

Cijkl
wij

kl ij kl

2

. Thenwe determine thework

conjugates of all independent variables of the equilibriummagnetic state. The equilibriumproperty of interest is
to be calculated at a given temperature and correspondingwork conjugates of the independent variables.

The third step is to solve the analytical expression of the equilibriumproperties from the averaged free
energy density by using themethod of Jacobian transformation in thermodynamics [39]. The analytical
expressions are generally lengthy and symbolic computation programs are needed for the deduction.When the
analytical expressions are derived, we substitute the values of all independent variables obtained in thefirst step
to calculate the values of the equilibriumproperties.

Finally, we change themagnetic field and repeat the process above. The variation of the equilibrium
properties of interest with themagnetic field is then obtained.Here, themagnetic field can be replaced by
another parameter, and the variation of the equilibriumproperties with the parameter can be obtained in the
sameway.

As an example,wederive for thefirst time the elastic stiffness in the skyrmion lattice phase at a given temperature,
magneticfield andmechanical loads.At rescaled temperature t , rescaledmagneticfield = [ ]bb 0 0 ,T and elastic
constrains e = 0,ij the equilibriummagnetic state is found tobe the skyrmion lattice phase, describedwithin thenth
order Fourier representation = ¼( )m c c c c c c c c cm m , , , , , , , , , , .n n nFn 0 11 12 13 21 22 23 1 2 3 Thework conjugate ofm0 is
found tobe b,while thework conjugates of ¼c c c c c c c c, , , , , , , , ,n n11 12 13 21 22 23 1 2 and cn3 are denotedby
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¼b b b b b b b b, , , , , , , , ,n n11 12 13 21 22 23 1 2 and b .n3 The elastic constants at given condition canbederived from

s
e

e
e
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¶ ¼

¶ ¼

¶ ¼
¶ ¼

e

e

=

=
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m c c c c c c c c c
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, 19ijkl t b b b b
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, , , , , 0

11 12 13 21 22 23 1 2 3

0 11 12 13 21 22 23 1 2 3

11 12 13 21 22 23 1 2 3

0 11 12 13 21 22 23 1 2 3 , , 0

i i i ij

ij

1 2 3

which is very lengthy for n 2. If we described the skyrmion lattice phase within the triple-Q representation, we
have = ( )m m qm m , , ,qtripleQ 0 1 where q is found to be invariant, and thework conjugate of mq1 is denoted by
b .q1 In this case, equation (19) reduces to

s e
e e

=
¶ ¶

¶ ¶
e

e

=

=
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. 20ijkl t b b
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Substituting s =
e

¶
¶

˜ ,ij
w

ij
= ¶

¶
b ,w

m0
and = ¶

¶
bq

w

m1
q1
into equation (20), aftermanipulationwe have
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4. Results for bulkMnSi

MnSi is a prototypematerial for us to understand the interaction betweenmagnetic skyrmions andmechanical
loads. In this section, we apply the theory established above to bulkMnSi.Within a unified theoretical
framework, we are able to quantitatively explain four different aspects of the experimental results, including the
temperature-magnetic field phase diagram formaterials free from anymechanical loads, the variation of
magnetostrictionwithmagnetic field, the variation of elastic stiffness withmagnetic field, and the temperature-
magnetic field phase diagram formaterials suffering uniaxial pressure. By doing so, a comprehensive set of
thermodynamic parameters forMnSi is obtained and listed in table 1, describing itsmagnetic, elastic, and
magnetoelastic properties. The parameters are divided into two groups. Thefirst group contains the parameters
that can be directly obtained or have already been fitted from the experiments, while the second group contains
the parameters that are fitted in this work.

We briefly introduce themethod and the experimental data used tofit the second group of parameters. From
themagnetostriction experiment of bulkMnSi [28], L L L, ,1 2 3 and =( )L i, 1, 2, 3Oi can befitted, where
experimental results when themagnetic field is applied along three different directions (001), (110), and (111)
are used. K L, 22 and L23 are fitted fromultrasoundmeasurements of the variation of the elastic coefficients with
externalmagnetic field [27].

Using this set of thermodynamic parameters, extensive investigation is done concerning themagnetoelastic
effects inMnSi, including the calculation ofmagnetostriction in the skyrmion phase and comparison to
corresponding experiments, the calculation of the periodic elasticfield in the skyrmion phase [29], the bumpy
surface configuration of the skyrmion lattice [43], and the emergent elastic properties of the skyrmion lattice
[38]. Here, we present three parts of the calculation results for bulkMnSi.

Table 1.Thermodynamic parameters for bulk MnSi.

Thefirst group of parameters:

= = =C C C283.3 GPa, 64.1 GPa, 117.9 GPa11 12 44 [40],
= ´ - -A 1.27 10 JA m23 2 [5, 24, 41], = ´ - -D 1.14 10 JA14 2 [24, 42], = ´ -M 1.63 10 A ms

5 1 [24]
a b= ´ = ´ = = -- - - - - - T A A6.44 10 JA m K , 3.53 10 JA m, 26 K, 0.05 ,c

7 2 1 1 16 4
0 [36]

The second group of parameters:

= - ´ = - ´ = ´ = ´- - - - - - - -K L L L2 10 JA m , 0.70 10 JA m , 0.60 10 JA m , 1.65 10 JA m ,7 2 1
1

6 2 1
2

6 2 1
3

6 2 1

= - ´ = ´ = - ´- - - - - - - - -L L L0.57 10 JA m , 1.15 10 JA m , 0.57 10 JA m ,O O O1
4 2 2

2
4 2 2

3
4 2 2

= - ´ = ´ =- - - -L L B1.01 10 JA m , 2.03 10 JA m , 0.c22
8 2 1

23
7 2 1

6

New J. Phys. 19 (2017) 123002 YHu andBWang



4.1. Temperature-magnetic field phase diagram concerningmagnetoelastic couplingwhen thematerial is
free from anymechanical loads
Due to themagnetoelastic coupling, the elastic strains are related to themagnetization. Evenwhen the system is
free from anymechanical loads, we have nontrivial elastic strains from equation (10). This nontrivial eij has an
effect on the phase diagram aswell as the solution of the equilibriummagnetization through w̃el and w̃me in
equation (7). In the phase diagram calculation of chiralmagnets based onmicromagneticmodels [1, 35, 36], this
back-action on themagnetization due tomagnetoelastic coupling is usually neglected due to its smallness
comparedwith other dominant terms in the free energy functional. To examine the applicability of such an
assumption, we provide here a general analysis of the effect ofmagnetoelastic coupling on themagnetic phase
diagram calculation for bulk chiralmagnets when the system is free from anymechanical loads.We know that
the coefficients ofmagnetoelastic coupling in different orders generally satisfy
 ˜ ˜ ˜ ˜ ˜ ˜ ˜K L L L L q L q L q, , , , ,O O O1 2 3 1 2 3 which gives *e e e µ K m, ,11 22 33

2 and that the influence of elastic
strains on the equilibriummagnetization is predominantly attributed to the term eK̃m ii

2 in equation (2). Hence,
consideration of e e e, ,11 22 33 in theminimization of w renormalizes the coefficient of m4 in themagnitude by

-
+

˜
˜ ˜ .K

C C2

2

11 12
In summary, we can compare the value of

+

˜
˜ ˜

K

C C2

2

11 12
and 1 to qualitatively evaluate if the coupling

between the elastic strains andmagnetization can be neglected in the phase diagram calculation.When

+


˜
˜ ˜ 1,K

C C2

2

11 12
the equilibriummagnetization andmagnetization-induced elastic strains can be solved

independently. For bulkMnSi, we have ~
+

-˜
˜ ˜ 10 ,K

C C2
3

2

11 12
which suggests thatmagnetoelastic coupling should

have a negligible effect on the shape of themagnetic phase diagram.
ForbulkMnSi, free fromanymechanical loads,weplot the temperature-magneticfieldphase diagram in

figure 1(a)using the thermodynamicparametersfitted in table 1. Thephasediagram is indistinguishable from theone
plotted inourpreviouswork [36]wheremagnetoelastic coupling is neglected.To further understandwhy this is the
case,weplot infigure 1(b) the relative differenceof free energy in the skyrmionphase

-[ ( ) ( )] ∣ ( )∣w w wm m m ,F F F3 0 3 3 and the relative difference of free energy in the conical phase
-[ ( ) ( )] ∣ ( )∣w w wm m m .conical 0 conical conical Here, ( )w m and ( )w m0 denote, respectively, the averaged free energy

density calculatedby integrating equation (7) and the averaged free energy density calculated byneglecting +˜ ˜w wel me

in equation (7).We see that at 28 K, by including +˜ ˜w wel me in the free energy density, the free energyof the system in
both the skyrmionphase and the conical phase decreases by about 2%to about 6%at differentmagneticfield.Yet the
free energy in the twophases decreases in approximately the sameway,which explainswhy thephase diagram is
barely affected.On theother hand,magnetoelastic couplingpins thedirectionof thewave vectors (q ,11 q ,12 q13 and so
on) in the skyrmion lattice phase, as shown infigure 1(c). In the triple-Q representationof the skyrmion lattice, it is

usually assumed that = [ ]q 1 0 0 ,T
11 = -⎡⎣ ⎤⎦/ /q 1 2 3 2 0 ,

T
12 and = - -⎡⎣ ⎤⎦/ /q 1 2 3 2 0 .

T
13 This is

becauseneglecting themagnetoelastic coupling (setting = =w w 0el me in equation (7)), the free energydensity
functional is invariant under an arbitrary rotationof q ,11 q12 and q13 in the x-y plane.After incorporating
magnetoelastic coupling in the free energy density,wefind that such a symmetry is broken and thedirectionof the
triple-Qwave vectors is pinned. Infigure1(c), weplot infigure 2(a) the variationof

j jD = - p p⎡
⎣⎢ ⎡⎣ ⎤⎦⎤

⎦⎥ ⎡⎣( ) ( )[ ( )] [ ( )] ]w T B w T B w T B wm m m m, , , , , , 26.4, 0.11,F F F F3 3 3 2 3 2
withj,wherej

describes the angle between q11 and the x-axis (depicted in the inset offigure 2(a)).Wefind that at any temperature
andmagneticfield, theminimized free energy is foundwhenj =  p .

2
Asa result, themagnetoelastic couplingpins

the triple-Qwave vectors to = [ ]q 0 1 0 ,T
11 = - -⎡⎣ ⎤⎦/ /q 3 2 1 2 0 ,

T
12 and = -⎡⎣ ⎤⎦/ /q 3 2 1 2 0 ,

T
13 as

introduced in equation (18).Meanwhile, it is found that the value of other independent variables such as m m, ,q0

and q in the triple-Q representation ismerely affectedby themagnetoelastic coupling.

4.2. Variation of elastic constants with an externalmagneticfield
Using the parameters given in table 1 and themethod introduced in section 3.2, we plot the variation of elastic
coefficients, denoted byD = -ab ab ab( ) ( )( ( )C C CT b b b b T m c c c, , , , , , , ,i i i i i i0 1 2 3 0 1 2 3

infigures 2(a)–(c). Here,

ab( )C T b b b b, , , ,i i i0 1 2 3
is derived from equation (19), where abC denotes a compressedmatrix notation of the fourth-

order tensor Cijkl [44]. The curves obtained fromour theoretical calculation resemble corresponding
experimental results in great detail [26, 27]. To bemore specific, infigure 2(a)DC11 andDC33 change to the
opposite direction from the same point in the distorted conical phase as themagnetic field increases [26, 27]; in
the conical phaseD > DC C33 11with a gapwith amagnitude that approaches 10 GPa8 and the gapmildly
decreases as themagnetic field increases [26]; when a phase transition from the conical phase to the skyrmion
phase occurs, we observe an obvious lift ofDC11 , whichmakesD > DC C11 33 [26, 27]; when a phase transition
from the conical phase to the ferromagnetic phase occurs,DC11 andDC33 both increase, whileDC11 increases
more sharply [27]. Infigure 2(b),DC44 andDC66 change to the opposite direction in both the distorted conical
phase and conical phase [27]; when a phase transition from the conical phase to the skyrmion phase occurs,
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DC44 drops slightly, whileDC66 increases sharply [27]. Infigure 2(c), variation ofDC12 andDC13 withmagnetic
field is predicted, where corresponding experiments have never been performed before.

When plotting figure 2, themagnetization in the skyrmion phase is described by the third-order Fourier
representation.Wefind that if we use the triple-Q representation instead, the values ofD abC obtained changes
slightly within a range of0.2%. This result shows that the order of Fourier representation of the skyrmion
lattice phase has a negligible effect on the calculation of elastic constants.

4.3. Temperature-magnetic field phase diagram forMnSi suffering uniaxial compression
Weconsider the variationof temperature-magneticfieldphasediagramwith applicationofuniaxial compression.The
uniaxial compression is applied in twodirections: [ ]0 0 1 T and [ ]1 1 0 .T Whenuniaxial normal stress s is applied
in [ ]0 0 1 ,T theboundary condition reads s s s s s s s= = = = = =, 0,33 11 22 12 13 23 and the elastic strains can

be approximatedby e e s= = -
+ -

,C

C C C C11 22 2
12

11
2

11 12 12
2 e s= +

+ -
,C C

C C C C33 2
11 12

11
2

11 12 12
2 e e e= = = 0.12 13 23 Whenuniaxial

normal stress s is applied in [ ]1 1 0 ,T theboundary condition reads s s s s s s= = = = = =s , 0,11 22 12 2 33 13 23

and the elastic strains canbe approximatedby e e s= =
+ -( )

,C

C C C C11 22 2 2
11

11
2

11 12 12
2 e s= -

+ -
,C

C C C C33 2
12

11
2

11 12 12
2

e e e= = =s , 0.
C12 2 13 23

44
By substituting the solutionof elastic strains into equation (7),we can initiate the

Figure 1. (a)Temperature-magnetic field phase diagramofMnSiwhen the system is free from anymechanical loads. (b)Relative free
energy difference induced bymagnetoelastic coupling as a function of themagnetic field calculated at temperatureT=28 K.Here,

( )w mF3 and ( )w mconical denote the free energy calculated for the skyrmion phase and the conical phase incorporatingmagnetoelastic
coupling at a givenmagnetic field, while ( )w mF0 3 and ( )w m0 conical denote the free energy calculatedwithout considering the
magnetoelastic coupling at a givenmagneticfield. (c)Variation ofDw with j at three conditions of T and B.
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temperature-magneticfieldphasediagramcalculationwhenuniaxial stress is applied. For twoconditionsof s:

s = -100 MPa and s = -200 MPa,weplot infigure3 four temperature-magneticfieldphasediagrams forMnSi.
Our result agrees quantitativelywith corresponding experiments [25]. ThephasediagramsofMnSiunderuniaxial
pressure showthe following characteristics: (i) a left shift of critical temperature as thepressure increases.This effect is
predominantly causedby themagnetoelastic coupling term eK̃m ii

2 in equation (2). According to the theoryof
elasticity, e s s= =

+ +
,ii C C ii C C

1

2

1

211 12 11 12
where sii is a stress tensor invariant, so that this result is valid foruniaxial

compression applied in anydirection.Hence, eK̃m ii
2 renormalizes the second-orderLandau expansion term in

equation (7) as s+
+( )˜

t m ,K

C C2
2

11 12
forwhich the rescaledCurie temperature reduces from1 to approximately

s-
+

˜
1 .K

C C211 12
ForMnSi, uniaxial compression alwaysdecreases theCurie temperature, since <K̃ 0. (ii)uniaxial

compression in thedirectionof [ ]0 0 1 T constricts the stable regionof the skyrmionphase in thephasediagram,
while uniaxial compression in thedirectionof [ ]1 1 0 T extends the stable regionof the skyrmionphase in thephase
diagram.This effect is predominantly causedby themagnetoelastic coupling term

e e e= + +˜ ˜ ( )w L m m mme02 1 1
2

11 2
2

22 3
2

33 in equation (2). To explain this,we compare the averaged free energydensity
in the skyrmionphasewithin triple-Qrepresentation =( ) ( )w w m m qm , ,qtripleQ 0 1 and the averaged free energy
density in the conical phase =( ) ( )w w m m qm , , .qconical 3 At a given conditionof the externalfieldwehave

approximately =m m3 0 and =m m6 ,q q1 which yieldsD = - =¯ ¯ ( ) ¯ ( )w w wm mme02 me02 tripleQ me02 conical

Figure 2.Variation of the elastic coefficients (a)D DC C, ,11 33 (b)D DC C, ,44 66 (c)D DC C, ,12 13 ofMnSiwith an externalmagnetic
field at 28 K.DC11 denotes the change of elastic coefficient C11 due tomagnetoelastic coupling.
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e e e- + +˜ ( ) ˜L m L m .q q
1

4 1 11 22
2 1

2 1 33
2 Note that forMnSi <L̃ 0,1 out-of-planeuniaxial compression yields negative e33

andpositive e e, ,11 22 forwhichD >w 0me02 so the skyrmionphasebecomes less stable.On theother hand, in-plane
uniaxial compression yields positive e33 andnegative e e, ,11 22 forwhichD <w 0me02 so the skyrmionphase
becomesmore stable.

Figure 3.Temperature-magnetic field phase diagramofMnSi when the system is suffering uniaxial compression, where the
compressive stress is applied in direction [ ]0 0 1 T with (a) s = -100 MPa, (b) s = -200 MPa, and in direction [ ]1 1 0 T with (c)
s = -100 MPa, (d) s = -200 MPa.
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5. Conclusion

In this paper, a thermodynamicmodel analyzing the coupledmagnetoelastic fields in B20 helimagnets is
developed based on group theoretical analysis. Themodel provides a unified theoretical framework to explain
various aspects of skyrmion-relatedmagnetoelastic experimental results, including but not limited to phase
diagram calculation and equilibriumproperty calculation under coupled temperature-magnetoelastic field. By
applying themodel to bulkMnSi, we quantitatively reproduce the temperature-magnetic field phase diagram
when thematerial is free from anymechanical loads, the variation of all the elastic constants withmagnetic field,
and the variation of temperature-magnetic field phase diagramwhen thematerial is suffering uniaxial
compression in two different directions.We also obtain the general condition at which the effect of
magnetoelastic coupling on the equilibriumproperties can be neglected, and find thatmagnetoelastic coupling
pins the triple-Qwave vectors of the skyrmion lattice phase in the x-y plane. Through calculation, wefit a whole
set of thermodynamic parameters forMnSi, which lays a reliable foundation for further analytical or numerical
analysis ofmagnetoelastic coupling phenomena.
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AppendixA. Simplification of the higher-ordermagnetoelastic free energy density
functional

The lowest-order coupling functionals between e =( )i j, , 1, 2, 3 ,ij =( )m l, 1, 2, 3l and
=( )m p q, , 1, 2, 3p q, that are invariant under all the operations of point groupT can bewritten as:

å=
=

˜ ˜ ˜ ( )w L f , A1T
i

Ti Time1
1

13

where

e e e

e e e

e e e

e e e

e e e

e e e

g g g

g g g

g g g

g g g

g g g

g g g

g g g

= + +

= + +

= + +

= + +

= + +
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˜

˜
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˜

˜

˜

˜

˜
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˜
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f m m m m m m

f m m m m m m

f m m m m m m

f m m m m m m

f m m m m m m

f m m m m m m

f m m m m m m

f m m m m m m

f m m m m m m

f m m m m m m

f m m m m m m

f m m m m m m

f m m m m m m

,

,

,

,

,

,

,

,

,

,

,

,

.

A2

T

T

T

T

T

T

T

T

T

T

T

T

T

1 11 1,2 3 22 2,3 1 33 3,1 2

2 11 1,3 2 22 2,1 3 33 3,2 1

3 11 3,1 2 22 1,2 3 33 2,3 1

4 11 2,1 3 22 3,2 1 33 1,3 2

5 11 1 2,3 22 2 3,1 33 3 1,2

6 11 1 3,2 22 2 1,3 33 3 2,1

7 23 1,3 3 13 2,1 1 12 3,2 2

8 23 1,2 2 13 2,3 3 12 3,1 1

9 23 3,1 3 13 1,2 1 12 2,3 2

10 23 2,1 2 13 3,2 3 12 1,3 1

11 23 1 3,3 13 2 1,1 12 3 2,2

12 23 1 2,2 13 2 3,3 12 3 1,1

13 23 1 1,1 13 2 2,2 12 3 3,3
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Strictly speaking, point groupT allows 13 independent thermodynamic parameters to describe w̃ .Tme1 Yet,
in practice we do not have enough experimental data tofit all these parameters. Hence, we change the symmetry
condition frompoint groupT to point groupO,which yields w̃me1 defined in equations (3) and (5). As for w̃ ,me2

weneglect all terms that are relevant to e ,11 e ,22 e ,33 because w̃me2 describes higher-order effects of those
described by w̃ .me1 Wefind in calculation that these neglected terms relevant to e ,11 e ,22 e33 are related to the
variation of elastic constants such as C ,11 C .33 But their contribution is negligible comparedwith corresponding
terms in w̃ .me1

Appendix B.Derivation of the rescaled free energy density functional incorporating
magnetoelastic interactions

The free energy density functional for cubic helimagnets incorporatingmagnetoelastic interactions can be
written as

åe a b=
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Here, = [ ]M M MM , , T
1 2 3 denotes themagnetization vector, Ms denotes the saturationmagnetization, and

= + +M M M M .2
1
2

2
2

3
2 Thefirst term in equation (B1) describes the exchange energy density with stiffness A;

the second term is the Zeeman energy density with the appliedmagnetic field B; the third term is theDM
couplingwith constant b which determines the period and direction of the periodicmagnetization;
a b- +( )T T M M0

2 4 are two Landau expansion terms. w w,an el and wme denote, respectively, the anisotropy
energy density with cubicmagnetocrystalline anisotropic coefficient Ac and exchange anisotropic coefficient
A ,e the elastic energy density given in equation (B3) andmagnetoelastic free energy density given in
equations (B4)–(B9).

Equation (B1) provides an implicitmodel to study the effect ofmagnetoelastic interactions on the skyrmion
lattice phase, because the effect cannot be understood by simply examining themagnetoelastic thermodynamic
parameters, such as K , L ,1 etc, but is also related to themagnetic thermodynamic parameters such as A and D.
In this case, it ismore convenient towrite the free energy density functional in a rescaled form given in

12

New J. Phys. 19 (2017) 123002 YHu andBWang



equation (7), where
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