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Carbon nanotube (CNT) macrostructures like anisotropic CNT arrays and isotropic CNT networks have

many unique mechanical properties. Among the various properties of CNT networks, their collective

responses to compressive deformation are studied here. A rheological model is found to account for the

mechanical properties of CNT networks. The computational results show that the compressive responses of

CNT networks include the mechanical action of interconnected springs and dry friction elements. The

availability of the model is validated by comparing the computed results to the measured data of different

density CNT sponges. The good agreement between the computed and measured results suggests that

the compressive responses of CNT segments and the sliding friction between CNTs are the major factors

contributing to the compressive responses of CNT networks. The effectiveness of the model in describing

the CNT networks also indicates that their collective responses are similar to that of the rheological model

during the compression cycle.

Introduction

Carbon nanotube (CNT) macrostructures have been reported
as possessing many unique mechanical properties. Examples
are anisotropic vertically aligned CNTs with a high recovery
rate and fatigue resistance under cyclic compression,1 2D
isotropic buckydisks and buckypaper with a tunable in-plane
Poisson’s ratio,2,3 3D CNT networks like assembled traversing
long CNTs with temperature-invariant viscoelasticity and
isotropic CNT sponges with super compressibility.4,5

Although the collective mechanical behavior of anisotropic
CNT macrostructures like CNT arrays,6 bundles,7 and turfs
have been studied intensely,8 a thorough understanding of the
collective response to compressive deformation of isotropic
CNT networks and the major factors governing the response
are still required.

The mechanical responses of CNT networks are, in nature,
the response of individual CNTs in the network, which mainly
stem from the properties of the CNTs and interactions
between them.2,4,9–13 Based on the stretching, bending, torsion
and weak van der Waals (VDW) interactions of CNTs,
simulations via coarse-grained molecular dynamics have been
performed to explore the mechanical responses of CNT
networks and the effect of nanosprings on the viscoelasticity
of elastomeric polymers.7,14,15 Yet, limited by the space size
and timescale, it is difficult for molecular dynamics simula-
tions to conduct enough experimental observations in the tiny

scale to support the simulations. A model that considers the
microstructures of CNT networks, the number of contacts
between the CNTs and average distance between the contacts
attempts to predict the compression resistances of buckydisks,
however, the computed results overestimate the experimental
data.16

In this work we use a rheological model to explore the
compressive responses of 3D isotropic CNT networks. The
rheological model mainly accounts for the bending behavior of
CNT segments and sliding friction between CNTs. The
compressive responses of CNT sponges are computed by the
model and then compared to the measured data of CNT
sponges, which share many similarities with other CNT
networks like the randomly oriented microstructures and
stress-strain hysteresis during compression cycles.

Experimental

As our previous work has shown, CNT sponges were
synthesized by CVD methods, in which ferrocene and 1,2-
dichlorobenzene were used as the catalyst precursor and
carbon source, respectively.5 The bulk density of the sponge
can be tuned from about 5 to 100 mg cm23 by changing the
synthesis conditions. The microstructure and morphology of
CNT sponges were characterized by scanning electron micro-
scopy (SEM, S-4800). Prior to the mechanical tests, as-grown
CNT sponges were peeled off from growth substrates and cut
into cubic bulks with sizes of about 10 6 10 6 10 mm3. The
tests were carried out by Instron 5843 equipped with 10 N/1 kN
load cells and two flat-surface compression stages. The sample
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was uniaxially compressed along the height (or its growth
direction) and the compressive rate was set in the range of 4
mm min21.

Results and discussion

The SEM image (Fig. 1a) shows that an as-grown CNT sponge
consists of curving CNTs, which randomly intertwine and form
a porous 3D network. Each CNT overlaps with other CNTs at
different positions, resulting in numerous contacts of CNTs
within the network. TEM images show that these CNTs are
MWCNT (multi-walled nanotubes) with diameters from 30 to
50 nm. For a porous CNT sponge under compression, it is
CNTs that actually bear the external load (Fig. 1b). Previous
experiment has shown that the mechanical strength of a CNT
sponge is highly affected by its porosity.17 Based on the SEM
observations, a full-length CNT can be divided into many
segments at the positions where the CNT contacts with other
CNTs. The length of the segment between contacts (L) can be
directly observed in SEM images (Fig. 1a). The segment is
subject to compression from other CNTs and a sliding friction
between CNTs (Fig. 1c).10 Since the stress-strain curve of a CNT
network during the compression cycle is always accompanied
with an obvious hysteresis loop, which indicates energy
dissipation and friction within the network,17 we think that
the sliding friction between CNTs in contact derived from
VDW forces is insufficient to resist their relative sliding during
compression. Thus, this sliding friction stress between CNTs is
represented by a dry friction element with the critical stress sf.

A micro-spring with the length L is used to represent the
CNT segment whose stiffness is measured by the compressive
response of the bent segment (Es). For the whole CNT network,
this can be represented by identical segments that are
connected in series and parallel (Fig. 1d). The parallel
segments at the same height, representing one layer of the
CNT network, can be combined into a macro-spring due to the
uniaxial compression. The stiffness of the macro-springs is
denoted by E*. Correspondingly, the sliding frictions between

CNTs are also converged into a friction of s�f between the
layers.

Since it is the individual CNTs that actually bear the
external compression to the porous CNT network, the relations
between the two sorts of springs and dry friction elements are
converted through the fraction volume occupied by CNTs:

E�~Q0Es

s�f ~Q0sf

(1)

where Q0 is the initial fraction volume of the sponge. This
leads to a rheological model of interconnected springs and dry
friction elements (Fig. 1e). A similar triboelastic model was
also used to study the stress-strain hysteresis of CNT
macrostructures.14

The stiffness of a single CNT segment (Fig. 1c) is obtained
by calculating the compressive modulus of the bent segment
(Es) (Fig. 2). Considering a CNT segment with an initially
curved shape, a vertical compressive stress (ss) is applied at its
contacts with other CNTs. The strain of the segment (e) is

Fig. 1 (a) The SEM image of a CNT network showing that intertwining CNTs form a porous network; inset, photo of an as-grown CNT network. (b) Schematic of the
CNT network with a 3D random structure under compression. (c) Schematic of a CNT segment in the network subject to compression from other CNTs (ss) and sliding
friction at the node where CNTs contact (sf). (d) The model for the entire CNT network containing the micro-springs and dry friction elements in series and parallel. (e)
The rheological model with the converged macro-springs and dry friction elements.

Fig. 2 Modeling of a CNT segment under compression using Euler beam theory.
(a) The calculated compressive modulus-strain curve of the CNT segment. Inset,
illustrated deformation process of a CNT segment under compression.
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defined as the normalized variance of the height of the CNT
segment (L). The CNT segment can be considered as an elastic
beam, due to the inherent capacity of CNTs to fully recover
under large strain and repeated bending,9,12 and Euler beam
theory is adopted to analyze the compressive
response.8,11,13,18–21 Parameters of the elastic beam are given
on the basis of SEM and TEM observations of CNT segments,
with outer diameters of about 40 nm and heights of about 5
mm. Given the approximate Young’s modulus of CNTs (y1
TPa),22 the compressive stress-strain response of the beam can
be analyzed and the compressive modulus (Es) is calculated by
taking the differentiation of the stress with respect to the
strain of the beam (Fig. 2).

The critical stress (sf) of the sliding friction can be
calculated according to the frictional force between CNTs (f)
and the cross-sectional area (As) of a CNT in the network. In
situ mechanical experiments showed that the frictional force
between CNTs and the defects present on the CNTs only
causes some slight fluctuations during the measurement.10

Since CNTs only contact with each other at the outmost wall,
the difference in CNT diameter between our experiment and
the in-situ mechanical experiment can be neglected and the
frictional force (f) from literature data is directly adopted (4
pN). Then, the frictional stress (sf) is obtained by:

sf~
f

As

(2)

where As is the average cross-sectional area of the CNTs (40 nm
obtained from TEM images).

The stress-strain response of the rheological model is
determined by the collective responses of the springs and dry
friction elements during the compression cycle (Fig. 3). In the
model, an engineering compressive stress (s*) is applied on
the topmost macro-spring and the downmost spring is fixed,
corresponding to the CNT network compressed between two
flat stages. During loading, in the first stage the macro-springs
are activated in sequence from top to bottom and the

corresponding stress-strain response of the model is a piece-
wise curve with many line segments. After the last spring at the
bottom is activated, all the springs are involved in the
compressing process so that the stress-strain curve in this
stage becomes straight. During unloading, the directions of all
the frictional stresses reverse, which leads to a similar
activating process from top to bottom, yet with the activating
period doubled. The difference in the activating periods
during loading and unloading causes the springs near the
bottom to be unable to recover fully. This means that after the
loading is removed a residual strain of the model is left, which
agrees with the experimental observations.

The detailed stress-strain response of the rheological model
for the compression cycle is analyzed as follows. The strain of
the model (e*) is defined as the normalized compressed
displacement of the free end. For the entire CNT sponge with n
layers along its height, n + 1 springs and n dry friction
elements are set in the model.

For the piece-wise response of the model with many line
segments, let (e�i , s�i ) be the coordinates of the end point of the
i-th segment. According to the series connection of the
springs, the global stiffness of the model during the i-th
segment (Ei) is

Ei~
n

i
E� (3)

The stress period of the i-th segment (Ds*) simply equals to
one frictional stress s�f . The strain period of the i-th segment is
obtained by dividing the stress period (Ds*) by the global
stiffness of the model (Ei):

De�i ~
Ds�

Ei

~
s�f

n

i
E�

(4)

By superimposing the strain period De�i , the coordinates of
the end point of the i-th linear segment (e�i , s�i ) can be
obtained:

e�i ~
Xi

k~1

De�k~
1

2
i iz1ð Þ s�f

nE�
(5)

with the stress value of the end point summed by i dry
frictional stresses:

s�i = is�f (6)

Combining eqn (5) and (6), the stress-strain response of the
model at the first stage during loading can be obtained

e�i ~

s�i
s�i
s�f

z1

� �

2nE�
(7)

Since the number of the springs (n) is more than one
thousand (computed by dividing the thickness of the sponge H

Fig. 3 The stress-strain response of the rheological model for the entire CNT
network. Inset, illustration of the model with n + 1 springs and n dry friction
elements.
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by the distance between contacts (L)), the limiting case for eqn
(7) is shown in eqn (8):

e�i &
s�i
� �2

2ns�f E�
n??ð Þ (8)

This turns out to be a smooth curve instead of a piece-wise one
with many line segments. The linear segment becomes very
short in the limiting case so that the discrete end points (e�i ,
s�i ) can be viewed as continuous ones (e*, s*) along the smooth
curve. So, the stress-strain relation eqn (8) is rewritten as:

s�~
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2F�E�e�
p

0ƒs�ƒF�
� �

(9)

where F* is the resultant of the sliding frictional stress of all
layers:

F* = ns�f (10)

When the external stress s* exceeds the upper limit in the
first stage (F*), all the springs are activated and the stress-
strain response of the rheological model turns to be linear:

s* = E*e* (F* , s*
¡ s�max) (11)

During unloading, the stress-strain response is a reversed
version of the process during loading, with the curve
beginning at (e�max, s�max) and the period doubled:

s�max{s�~
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4F�E� e�max{e�

� �q
s�max{2F�
� �

vs�ƒs�max

� �
(12)

Eqn (9) and (12) are differentiated first and then computed
by numerical integration with the stiffness E*(e) discretized in
the computation, considering the increase of E* with the strain
(Fig. 2b).

s�kz1~
s�kz

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F�E� e�kz1

� �

2e�kz1

s

De� 0ƒs�kƒF�
� �

s�kzE� e�kz1

� �
De� F�vs�kƒs�max

� �

8
>><

>>:
(13)

The strain integration step in the computation (De*) is the
same and the initial condition for the loading is:

s�1 = e�1 = 0 (14)

The response during unloading is computed by:

s�kz1~
s�k{

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F�E� e�kz1

� �

e�max{e�kz1

s

De� s�max{2F�
� �

vs�kƒs�max

� �

s�k{E� e�kz1

� �
De� 0ƒs�kƒ s�max{2F�

� �� �

8
>><

>>:
(15)

with the initial conditions:

s�1 = s�max and e�1 = e�max (16)

Now the compressive responses of CNT networks can be
numerically computed with the following parameters. The
initial fraction volume of the CNT network (Q0) in eqn (1) is
obtained by dividing the bulk density (r*) of the CNT network
by the density of CNTs (2.1 g cm23). The length of a CNT
segment joining two contacts (L) is obtained by first identify-
ing CNT segments joining two contacts in the SEM images
(CNT segments marked as red in Fig. 4). The lengths of these
CNT segments and their average value are calculated accord-
ing to the SEM observation (calculated results show that the
average value changes from 3 to 9 mm depending on the CNT
sponge’s bulk density). Then, the stiffness (Es) of the micro-
springs can be computed using Euler beam theory as
mentioned before (Fig. 2). The sliding friction between CNTs
(sf) is calculated by eqn (2). Then, the stiffness (Es) and the
sliding friction stress (sf) are converted to the E* and F* values
according to eqn (1) and (10). The compressive modulus- and
stress-strain relations of the model are computed by eqn (13)
and (15), with the results shown in Fig. 5.

Fig. 4 SEM image of the CNT sponge showing CNT segments joining two
contacts (marked in red). The average value of the distance between contacts
joined by a CNT segment is obtained by manually picking the contacts and
calculating the average value.

Fig. 5 Computed compressive stress- and modulus-strain responses of CNT
networks with different densities by the rheological model.
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CNT sponges with different densities are chosen as samples
and their compressive responses are measured by the
rheological model. Direct comparisons between the computed
results from the rheological model and the measured data are
shown in Fig. 6. For the CNT sponge with a density of 5.1 mg
cm23, the compressive response computed by the model is a
little lower than the measured one. The computed compressive
modulus during loading is y0.015 MPa compared to the
measured y0.02 MPa and the computed maximum stress is
y0.006 MPa compared to the measured y0.008 MPa (Fig. 6a).
For the 11.0 mg cm23 sample, the computed result over-
estimates the compressive modulus during loading (computed
y0.07 MPa compared to measured y0.05 MPa) (Fig. 6b). The

comparison for the 26.6 mg cm23 sample is shown in Fig. 6c,
with a general agreement between computation and measure-
ment. The main difference still occurs during unloading
(computed y30% residual strain compared to y10% mea-
sured). For more samples with different densities, the
measured and computed energy dissipations per volume
during the compression cycle were computed and the
comparison is shown in Fig. 6d and Table 1. It can be seen
from the comparisons that the computed results by the model
are close to the measured ones, which proves that the
rheological model has successfully captured the major
mechanism of the CNT networks’ responses under compres-
sion.

Fig. 6 Validation of the rheological model by computing the compressive modulus-strain curves during loading and stress-strain curves during the compression cycle
and comparing them to the measured ones, choosing samples with the densities of (a) 5.1 mg cm23 (b) 11.0 mg cm23 and (c) 26.6 mg cm23. (d) The computed and
measured energy dissipation for more samples under different testing conditions.

Table 1 Comparison of the energy dissipation per volume for different samples

Sample Bulk density of CNT sponge Maximum strain Measured energy dissipation per volume Computed energy dissipation per volume
Unit (mg cm23) (KPa) (KPa)

#1 5.1 0.5 2.01 1.72
#2 5.8 0.6 3.80 2.80
#3 7.3 0.6 8.56 9.43
#4 11.0 0.5 7.45 8.89
#5 12.1 0.5 10.85 9.78
#6 12.1 0.7 19.97 18.60
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The difference between the measured and computed curves
mainly appears during unloading. The difference may come
from the residual strain, whose mechanism has not been fully
understood. Previous experiments have shown that CNT
sponges immersed in organic solvents can recover to almost
their original shape even under cyclic compression, while in
air a residual strain will be observed. Moreover, the residual
strain during cyclic compression always changes in every
cycle.5 Thus, there should be a more complex mechanism
governing the residual strain. Other minor factors for the
observed difference may include the friction between CNTs,
whose value is adopted from literature data,10 while in our
case the frictional force may be slightly different. The
contribution of defects and catalysts embedded in CNTs are
also considered to be minor since they occupy only a very
small proportion in CNTs.

The interactions between CNTs were attributed to the
adhesion during the detachment of CNT contacts and sliding
friction at CNT contacts. Although both of the interactions
stem from the large VDW attraction between CNTs,6 the
sliding friction was calculated to be y4 pN and the adhesion
was calculated to have a much larger value of about 0.7 nN.10

During the computation of the compressive responses of CNT
networks, the results obtained by applying the value of the
sliding friction fit much better with the measured ones than
applying the value of adhesion, which suggests that the
interactions between CNTs during the compression of CNT
networks are mainly in the form of sliding friction. This
process is distinct from that of CNT network shearing tests, in
which the interaction was assumed as reversible detachment
and attachment between CNTs.4

Motivated by the rheological model, the collective response
of CNT networks during the compression cycle can also be
described as follows. In the initial stage during loading, the
CNTs near the top layer are compressed first and the CNTs
intertwining underneath are blocked by the friction between
CNTs. As the loading continues, the sliding friction is
overcome so that all the CNTs are involved in the compression.
During unloading, the direction of each sliding friction
reverses so that the CNTs still need to overcome the resistance
coming from the friction before they are able to recover. The
longer period during unloading for the CNTs to overcome the
friction can also explain the residual strain observed in the
compressive tests.

Conclusions

In this article we studied the collective responses of CNT
networks to compressive deformation by founding a rheolo-
gical model. The model mainly accounts for the mechanical
properties of CNTs and the sliding friction between CNTs,
which are represented by springs and dry friction elements,
respectively. With the parameters based on experimental
observations and the literature, the compressive responses of
CNT networks under different testing conditions were com-

puted by the model and then compared to the measured data.
The good agreement between the computed and measured
results suggests that the compressive responses of CNT
segments and the sliding friction between CNTs are the major
factors contributing to the compressive responses of CNT
networks. The effectiveness of the model in describing the
CNT networks also indicates that their collective responses are
similar to that of the rheological model during the compres-
sion cycle.

Since the SEM observations show that CNT sponges share
many similarities in their microstructures with other CNT
networks like buckypaper, buckydisks and assembled traver-
sing long CNTs, the rheological model for CNT sponges may
also be applicable to other CNT networks, which may be one of
the future directions of the present work. Other directions
might include predicting the mechanical responses of CNT
sponges more accurately by calculating the distance between
contacts with an image analysis procedure.
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