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Vortex domain structures of an epitaxial ferroelectric
nanodot and its temperature-misfit strain
phase diagram

W. J. Chen,a Yue Zheng,*a B. Wang,a D. C. Mab and F. R. Lingc

Phase field simulations were conducted to investigate the effect of misfit strain on the vortex

domain structure (VDS) in a BaTiO3 nanodot. Taking into account the effect of inhomogeneous

eletromechanical fields, ambient temperature and surface effects, our calculations demonstrate a strong

effect of misfit strain on the orientation and magnitude of the polarization dipoles. As a consequence,

fruitful equilibrium vortex domain patterns can be obtained by adjusting the epitaxial misfit strain

between the substrate and the nanodot. While the nanodot exhibits a single transition from a

paraelectric to a near-rhombohedral vortex state at zero misfit strain with the decrease of temperature,

complicated transformations of vortex domain patterns are found under nonzero misfit strain. Typically,

orthorhombic, tetragonal and several unreported vortex domain patterns (e.g., with zero toroidal

moment) are found. Moreover, misfit strain-induced transformations into these domain patterns are

also predicted for a ferroelectric nanodot with initial near-rhombohedral vortex state. Combining effects

of the ambient temperature and misfit strain, a ‘‘temperature-misfit strain’’ phase-diagram depicting

the fruitful vortex domain patterns of the nanodot was obtained. Our simulations indicate promising

application of strain engineering in controlling the VDS in ferroelectric nanostructures.

1. Introduction

For their academic interests and important roles in domain
and domain wall engineering, domain structures in ferro-
electrics and multiferroics have undergone active investigation
over several decades.1 Particular examples are exotic domain
patterns, including vertices, vortices, quadrupoles and other
topological defects, which are manifested by singular polariza-
tion regions like polarization sources/sinks or polarization
closures. These domain patterns are found to form in low-
dimensional ferroelectric nanostructures or in multiferroics as
a consequence of geometric confinement or the coupling of
polarization to other order parameters.2–17 While some technol-
ogical challenges still remain in experimental preparation and
characterization, prospective applications exploiting the functional

properties and the small size of these domain patterns are
attractive, such as developing high-density memory devices and
novel functional devices.

Among these exotic domain patterns, novel toroidal polari-
zation patterns consisting of closure domains, or vortex
domain structures (VDSs), have garnered intensive attention
recently. Belonging to a new kind of polarization ordering, i.e.,
ferrotoroidicity, VDSs are believed to exhibit distinct charac-
teristics and novel couplings with external fields, compared to
the traditional ferroelectric domains. Up to now, the mecha-
nisms of forming VDSs in various materials as well as the
effects of factors, such as size, shape and boundary conditions,
have been theoretically studied.2–4,11,17 Meanwhile, experi-
ments are also close to unambiguously characterizing and
artificially creating nanoscale ferroelectric vortices.5,7,8,14,15

Gaining regular control on VDSs is now an important issue
for future applications, although there is still a long way to go.

In the literature, a number of theoretical works have focused
on the characteristics of VDSs in low-dimensional ferroelectric
nanostructures, especially when they are coupled with external
fields, e.g., electric or mechanical fields.17–26 Particularly, using
the effective Hamiltonian method, Ponomareva et al.17 investi-
gated the effect of electric boundary conditions and epitaxial
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strain on the dipole pattern of Pb(Zr0.4Ti0.6)O3 nanodots and
wires. Prosandeev and Bellaiche18 determined the characteris-
tics and signatures of dipole vortices in ferroelectric nanodots
through effective Hamiltonian simulations and analytical
derivations. The characteristics of vortex switching, vortex
rotation and vortex-to-polarization transformation induced by
various electric fields in ferroelectric nanostructures were also
investigated by effective Hamiltonian simulations and phase-
field simulations.19–24 While the above instructive works about
controlling the vortex domain structures are mostly through
electric means, it is also possible to gain regular control of the
VDS through mechanical means. For example, Naumov and
Bratkovsky25 investigated the effects of misfit strain on the
polarization patterns in flat perovskite nanoparticles and
showed that equilibrium polarization patterns are strongly
dependent on misfit strain. More recently, through phase-field
simulations Chen et al.26,27 also demonstrated that the vortex
domain morphology in flat ferroelectric nanostructures, espe-
cially the size and number of vortices, can be regularly con-
trolled by mechanical loads.

Nevertheless, compared with the wide and fruitful investi-
gations on mechanical control of the conventional domain
structures in ferroelectric thin films,28–31 investigations focusing
on mechanical control of VDSs are still scarce. Many issues
remain to be further systematically investigated, such as the
mechanical effect on the ground state of low-dimensional ferro-
electric nanostructures, the response of a given vortex pattern to
the mechanical fields, and the possibility of inducing transforma-
tions of various ‘‘vortex states’’ by mechanical fields, etc.

In this work, taking into account the inhomogeneous electro-
mechanical fields, ambient temperature and surface effect, we
report the effect of the misfit strains on the VDS of a BaTiO3

nanodot. Based on the phase field model, effects of the misfit
strains on the phase transition behavior of the nanodot, i.e.,
transitions from paraelectric phase to ferroelectric/ferrotoroidic
phase, as well as effects on the existing vortex domain patterns
obtained at zero misfit strain of the nanodot, will be simulated
and discussed. The temperature-misfit strain phase diagram
for different vortex states will also be given. With the different
vortex domain patterns meticulously classified, regularity of the
misfit strain controlling the VDS of the nanodot will be demon-
strated and discussed in depth.

2. Phase-field model

The simulated ferroelectric nanodot is assumed to be epitaxially
grown on a rigid substrate as shown in Fig. 1(a). Due to the
lattice mismatch between the ferroelectric dot and substrate, the
nanodot undergoes misfit strains, i.e., em

11, em
12 and em

22. According
to the phase-field model, we consider as our thermodynamic
reference a crystal of infinite extent (surfaceless) absent of
applied fields, i.e., electric, magnetic or mechanical (internal or
external). The spontaneous polarization P is chosen as the order
parameter to describe the domain pattern. Therefore, the electric
displacement field D can be expressed as D = ebE + P, where E is
the electric field and eb the background dielectric constant

tensor.32–34 Since the background material is the paraelectric
phase, which is in cubic crystal structure, the background
dielectric constants in the three axis directions are the same,
i.e., eb = e11b = e22b = e33b.

Based on the phenomenological theory, the total free energy
of the nanodot can be expressed as a function of polarization,
spatial polarization gradients, mechanical strains and the
electric field. It can be written as the sum of the Landau free
energy FLand, elastic energy Felas, gradient energy Fgrad, electro-
static energy Felec and surface energy Fsurf, i.e.,

F ¼FLand þ Felas þ Fgrad þ Felec þ Fsurf

¼
Z
V

fLand þ felas þ fgrad þ felec
� �

dV þ
Z
S

fsurfdS
(1)

where fLand, felas, fgrad, felec and fsurf are the corresponding free
energy densities, V and S are the volume and surface of the
nanodot.

For perovskite ferroelectrics, the Landau free energy density
fLand can be expressed for a zero-stress state up to an eight-
order polynomial expansion as,35–37

fLand = a1(P1
2 + P2
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+ a1122(P1
4P2

4 + P2
4P3

4 + P1
4P3

4)

+ a1123(P1
4P2

2P3
2 + P2
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where ai, aij, aijk and aijkl are dielectric stiffness and higher
order coefficients fitted to bulk properties and Pi is the ith
component of polarization.

Ferroelectric phase transition involves structural changes and
results in spontaneous strains. At zero-stress state, these strains

Fig. 1 Schematics of (a) the epitaxial nanodot grown on a rigid substrate and
(b) a two-step strategy used to mimic the effect of the substrate.
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are called eigenstrains. For perovskite ferroelectrics, the eigen-
strains can be expressed as,

e011 ¼ Q11P1
2 þQ12 P2

2 þ P3
2

� �

e022 ¼ Q11P2
2 þQ12 P3

2 þ P1
2

� �

e033 ¼ Q11P3
2 þQ12 P1

2 þ P2
2

� �

e023 ¼ Q44P2P3

e013 ¼ Q44P1P3

e012 ¼ Q44P1P2

(3)

where Qij is the electrostrictive coefficient.
Considering the epitaxial misfit strain and the incompati-

bility of the eigenstrains caused by the polarization, the elastic
energy density of the ferroelectric nanodot is given by,

felas ¼ cijkleijekl ¼ cijkl eij � e0ij
� �

ekl � e0kl
� �

¼ 1

2
C11 e11 � e011

� �2þ e22 � e022
� �2þ e33 � e033

� �2h i

þ C12 e11 � e011
� �

e33 � e033
� �

þ e22 � e022
� �

e33 � e033
� ��

þ e11 � e011
� �

e22 � e022
� ��

þ 2C44 e13 � e013
� �2þ e23 � e023

� �2þ e12 � e012
� �2h i

(4)

where cijkl and Cij are the four-order and reduced elastic
coefficients, eij and eij the elastic strains and total strains.

For simplicity, we assume the substrate is rigid without
elastic relaxation, and the dimensions of the epitaxial nanodot
are small compared with the substrate thickness. With this
assumption, we can disregard the substrate, but mimic its
effect by considering that the nanodot undergoes in-plane
homogenous stresses, which keep the in-plane macroscopic
shape deformations of the nanodot equal to the misfit strains,
i.e., em

11, em
12 and em

22. Accordingly, a two-step strategy can be used
to solve the final strain state of the epitaxial nanodot as in
Fig. 1(b). (1) In the first step, the nanodot with polarization field
is under a surface traction-free condition, except that its bottom
surface is fixed in the z-direction due to the interfacial effect of
a hard substrate. Inhomogeneous strain fields of the nanodot
in this state, denoted as eS

ij, are determined by the mechanical
equilibrium equation cijkl(e

S
kl,j � e0

kl,j)|V = 0 and corresponding
mechanical boundary u3|z=0 = 0. The macroscopic shape defor-
mations of the nanodot in this state are the volume average of
eS

ij, i.e., �eSij ¼
R
V eSijdV . (2) In the second step, external stresses are

applied to the nanodot. The external stresses cause additional
strains, i.e., ea

ij, so as to keep the in-plane macroscopic shape
deformations equal to the misfit strains, i.e., %eS

11 + ea
11 = em

11, %eS
22 +

ea
22 = em

22 and %eS
12 + ea

12 = em
12. Additional strains along the

z-direction are determined by the conditions ci3kle
a
kl = 0. From

this construction, we have the total strains of the nanodot as
eij = eS

ij + ea
ij.

The spatial polarization variation contributes a gradient energy
to the total free energy. To the lowest order of the Taylor expansion,

the gradient energy density of a perovskite ferroelectric takes
the form of,

fgrad ¼
1

2
G11 P1;1

2 þ P2;2
2 þ P3;3

2
� �

þ G12 P1;1P2;2 þ P2;2P3;3 þ P1;1P3;3

� �

þ 1

2
G44 P1;2 þ P2;1

� �2þ P2;3 þ P3;2

� �2þ P1;3 þ P3;1

� �2h i

þ 1

2
G044 P1;2 � P2;1

� �2þ P2;3 � P3;2

� �2þ P1;3 � P3;1

� �2h i

(5)

with G11, G12, G44 and G044 being the reduced gradient energy
coefficients.

To take account of the polarization inhomogeneity across
the surface due to surface truncation, an additional surface
energy is introduced. Using the so-called extrapolation length
deff

i ,38,39 the surface energy density of the ferroelectric nanodot

can be approximately given by fsurf ¼
DS

1P2
2

2deff1
þDS

2P2
2

2deff2
þDS

3P3
2

2deff3
, with

DS
i being the material coefficients related to the gradient energy

coefficients and the surface orientation as DS
1 ¼ G11n1þ

G44 þ G044
� �

n2 þ n3ð Þ, DS
2 ¼ G11n2 þ G44 þ G044

� �
n1 þ n3ð Þ and

DS
3 ¼ G11n3 þ G44 þ G044

� �
n1 þ n2ð Þ, where ni are the compo-

nents of the normal unit vector of the surface.
In the absence of an external electric field, the total electric

field is equal to depolarization field induced by spatial polari-
zation variation and incomplete screening of the polarization
charges at truncated surfaces. According to previous works,23,32,40

the electric energy density of a given polarization distribution is
written as felec = �P1E1 � P2E2 � P3E3 � 1

2eb(E1E1 + E2E2 + E3E3).
Under the open-circuit condition, for a free-charge-absent body
the depolarization field can be calculated by the electrostatic
equilibrium equation Di,i|V = 0 and the corresponding boundary
condition Dini|S = 0, with ni being the ith component of the unit
vector normal to the surface.

Integrating the free energy densities over the entire volume
and surfaces, yields the total free energy of the nanodot. In the
following, the mechanical strains and electric field are treated
in an adiabatic way during the polarization evolution, under
the assumption that mechanical and electric equilibrium can
be instantaneously reached once the spontaneous polarization
distribution is set down. The temporal evolution of the sponta-
neous polarization field is then described by the time-dependent
Ginzburg–Landau (TDGL) equations, i.e.,

@Pi

@t
¼ �M dF

dPi
; i ¼ 1; 2; 3ð Þ (6)

where M is the kinetic coefficient and t is time.

3. Results and discussions

In the following, we consider cubic BaTiO3 nanodots (001) epitaxially
grown on cubic substrates (001). In this case, the nanodots undergo
biaxially equal misfit strains, i.e., em

11 = em
22 = um and em

12 = 0.
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Furthermore, the surfaces of the nanodots are traction free,
except for the bottom surface being fixed in the z-direction due
to the interfacial effect of a hard substrate. An open-circuit
electric boundary condition is adopted to obtain a strong vortex
effect. The simulated nanodots are divided into three-dimensional
n � n � n elements at a scale of Dx = Dy = Dz = 0.4 nm. The
polarization evolution is solved numerically by discretizing the
TDGL equation in time. The time step is chosen to be Dt =
0.01a0M, where a0 = |a1|T=300K. At each time step, the mecha-
nical strains and electric field are obtained by solving the
mechanical and electrostatic equilibrium equations with
appropriate boundary conditions using the finite element
method. Values of the expansion coefficients of the Landau
potential, the elastic compliances, the electrostrictive
coefficients and the gradient coefficients,41 the extrapolation
length,39 and the background dielectric constant32,33 in calcu-
lations are listed in SI units as follows, a1 = 4.124(T � 388) �
105, a11 = �2.097 � 108, a12 = 7.974 � 108, a111 = 1.294 � 109,
a112 = �1.950 � 109, a123 = �2.5009 � 109, a1111 = 3.863 � 1010,
a1112 = 2.529 � 1010, a1122 = 1.637 � 1010, a1123 = 1.367 � 1010,
C11 = 27.5� 1010, C12 = 17.9� 1010, C44 = 5.43 � 1010, Q11 = 0.11,
Q12 = �0.045, Q44 = 0.029, deff

i E 4.3 � 10�8, eb = 4.425 � 10�10,
G11 = 5.1 � 10�10, G12 = 0, G44 ¼ G044 ¼ 1� 10�11. Here we use
anisotropic gradient coefficients to give a better description
of the 901 domain wall of BaTiO3. A series of simulations on
8 � 8 � 8, 10 � 10 � 10 and 12 � 12 � 12 nanodots have been
conducted. The results found are similar for nanodots of all
three sizes, therefore in the following we mainly present those
of the 8 � 8 � 8 nanodot.

3.1. The domain pattern of nanodots cooled down at zero
misfit strain

We start our investigation on the domain pattern of nanodots
under zero misfit strain, i.e., um = 0. To obtain the ground state
of the domain pattern, the nanodots are simulated to cool
down from a high temperature in the paraelectric region by a
step of 5 K. A random polarization perturbation is used to
initiate the simulation, and it was used as the initial domain
pattern for the next temperature step until the stable domain
pattern was not paraelectric. At each temperature, the stable
domain pattern is obtained by equilibrating the system for a
sufficiently long time.

Simulated results of the domain pattern evolution of nano-
dots with different sizes are depicted in Fig. 2. As shown in
Fig. 2(a), the toroidal moment is adopted to characterize the

vortex domain pattern, i.e., g ¼ 1

V

R
V r� P � �P

� �
dV , with V

being the volume of the system, r the position vector, and %P
the average polarization of the system. Fig. 2(b) also depicts the
domain morphologies of a 10 � 10 � 10 nanodot at selected
temperatures. (Note that in the following figures, all the
domain patterns are plotted with the same color bar as the
one in Fig. 2(b)) It can be seen that the nanodots indeed
undergo paraelectric-to-ferrotoroidic transition. The phase transi-
tion temperature for the 8� 8� 8, 10� 10� 10 and 12� 12� 12
nanodots is about 240 K, 270 K and 285 K, respectively,

which increases as the nanodot size increases. Nevertheless,
due to the small size of the nanodots, the transition tempera-
tures are much lower than the Curie temperature of the bulk
material, i.e., Tc = 388 K. Below the transition temperature, the
nanodots adopt a near-rhombohedral vortex domain pattern
(i.e., g1 E g2 E g3) with the vortex axis almost parallel to the
(111) direction. Note that the effect of substrate precludes
the forming of perfect rhombohedral vortex domain pattern
(i.e., g1 = g2 = g3) that is observed in free-standing BaTiO3

nanodots.18 Nevertheless, this effect is rather small for zero
misfit-strain, and the single transition from paraelectric to the
near-rhombohedral vortex domain pattern during the whole
cooling process is quite similar to that observed in free-standing
nanodots.

3.2. The domain pattern of a nanodot cooled at nonzero
misfit strain

It can be seen from the above that the domain pattern of the
nanodots remains a near-rhombohedral vortex domain pattern
during cooling at zero misfit strain. To see the effect of misfit
strain on the evolution of the domain pattern in a nanodot
when the temperature decreases from the paraelectric region,
in this section we conduct simulations similar with the pre-
vious section but with nonzero misfit strain on an 8 � 8 � 8
nanodot. To clearly characterize the domain patterns, in the
following we generally analyze each domain pattern through

Fig. 2 Simulated results of the domain pattern evolution of nanodots under
zero misfit strain in a cooling process. (a) The temperature dependence of the
toroidal moment and (b) the domain morphologies of a 10� 10� 10 nanodot at
selected temperatures.
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plotting its morphologies and calculating the components of the
toroidal moment and the polarization vector, together with the

mean magnitude of polarization, Pj jav�
R
V

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P1

2 þ P2
2 þ P3

2
p

dV.
For all the simulations, the obtained domain patterns are found
to be nonpolar or near nonpolar, i.e., P1 E P2 E P3 E 0.

3.2.1. Compressive misfit strain. For small compressive
strains, i.e., um = �0.001, um = �0.002, and um = �0.003, the
simulated results are shown in Fig. 3(a) and (b), (c) and (d), and
(e) and (f), respectively. The results show that the phase transi-
tion behavior of the ferroelectric nanodot in a cooling process
under compressive strain is quite different from that at zero-
misfit strain as shown in Fig. 2. In general, as the temperature
decreases from the paraelectric region, the nanodot would at
first adopt a highly symmetrical multi-vortex domain pattern
rather than the near-rhombohedral vortex domain pattern. This
domain pattern consists of four vortices with their toroidal axes
along the (%100), (100), (0%10), and (100) directions respectively,
with the polarization dipoles mainly along the z-axis. By tracing
the evolution of the toroidal moment and the mean magnitude
of polarization as shown in Fig. 3(a), (c) and (e), it can be found
that the highly symmetrical multi-vortex domain pattern has
zero toroidal moment. It is easy to see that this configuration
can largely decrease the coupling energy between the polariza-
tion and the compressive strain. As the temperature further
decreases, the highly symmetrical multi-vortex domain pattern
is not stable. Particularly, for um = �0.001, the domain pattern
would change into a similar pattern but with tilted vortices

(e.g. T = 200 K in Fig. 3(b)). This domain pattern has a nonzero
toroidal moment as g1 = g2 = 0, g3 a 0 and is only stable for a
narrow temperature range. At lower temperatures it would
destabilize into a single vortex state with its toroidal moment
becoming g1 E g2 a 0, g3 a 0 (e.g. T = 150 K in Fig. 3(b)). For
um = �0.002, the highly symmetrical multi-vortex domain
pattern would directly destabilize into a single-vortex state at
about 180 K (see Fig. 3(d)). Such a single-vortex state is
orthorhombic (i.e. g1 E g2 a 0, g3 = 0) in the high temperature
range, and becomes near-rhombohedral (i.e. g1 E g2 a 0,
g3 a 0) at low temperatures. For um = �0.003, as temperature
decreases, the domain pattern remains in a multi-vortex state,
but with two large and two small vortices (e.g. T = 200 K in
Fig. 3(f)). Similar to the case of um = �0.002, we subsequently
obtain g1 = g2 = g3 = 0, g1 E g2 a 0, g3 = 0 and g1 E g2 a 0, g3 a 0
as the temperature decreases.

To see the effect of a large compressive misfit strain, we
further simulated the cooling-down domain pattern of a nano-
dot under misfit strains ranging from �0.02 to �0.01. The
results show that the effects of the misfit strain in this range are
similar, but quite different from those of small compressive
misfit strains as shown in Fig. 3. The simulated temperature
dependencies of the toroidal moment, the polarization vector
and the mean magnitude of polarization for um = �0.01 and
um = �0.015 are depicted in Fig. 4(a) and (b), respectively. The
simulated domain pattern at selected temperatures for um =
�0.015 is also shown in Fig. 4(c). From these results, it can be
seen that due to the large misfit strain, the transition tempera-
ture of the nanodot increases significantly (B550 K and
B790 K for um = �0.01 and um = �0.015, respectively).

Fig. 4 Simulated results of the domain pattern evolution of a nanodot under a
large compressive strain in a cooling process. Temperature dependence of the
toroidal moment and polarization at (a) um = �0.001 and (b) um = �0.015. (c) The
domain morphologies at selected temperatures for um = �0.015.

Fig. 3 Simulated results of the domain pattern evolution of a nanodot under
small compressive strain in a cooling process. (a) and (b) um = �0.001, (c) and
(d) um = �0.002, and (e) and (f) um = �0.003.
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Moreover, the nanodot kept adopting a stripe-like domain
pattern with g1 a 0, g2 a 0, g3 = 0 and the polarization dipoles
mainly aligned along the z-direction.

3.2.2. Tensile misfit strain. From the previous section, we
can see that compressive misfit strain tends to align the
polarization dipoles along the z-direction and thus results in
domain patterns with a small z-component of the toroidal
moment, such as the highly symmetrical multi-vortex domain
pattern and the orthorhombic vortex domain pattern. It is also
possible to align the polarization dipoles along the x–y plane by
applying tensile strain, which results in domain patterns with a
large z-component of the toroidal moment, such as a tetragonal
vortex domain pattern (i.e. g1 = g2 = 0, g3 a 0). This can be seen
in Fig. 5, which depicts the simulated phase transition behavior
of a nanodot under small tensile misfit strains during a cooling
process. In particular, Fig. 5(a) and (b), (c) and (d) and (e) and
(f) respectively depict the evolution of the domain pattern in a
nanodot under tensile misfit strain um = 0.001, um = 0.002, and
um = 0.003. Unlike the multiple behaviors shown in small
compressive misfit strains (see Fig. 3), results show that the
transition behaviors of the nanodot are similar for the small
tensile misfit strains. In general, the nanodot undergoes a
phase transition from paraelectric to a tetragonal vortex state
(i.e. g1 = g2 = 0, g3 a 0) as temperature decreases. With
temperature further decreasing, the tetragonal vortex state
becomes unstable and destabilizes into a new domain pattern
with its toroidal moment being g1 = g2 a 0, g3 a 0. We found

that the polarization dipoles of this domain pattern are also
mainly confined in the x–y plane as those of the tetragonal
vortex state. Nevertheless, the toroidal center of each dipole
vortex plane tends to depart from its geometric center. This
domain pattern seems to be a result of the competing tendencies
of being rhombohedral and being tetragonal. Comparing
Fig. 5(a), (c) and (e), it can be also noted that the existing
temperature range of the tetragonal domain pattern becomes
larger as the tensile misfit strain increases.

The effect of large tensile misfit strain on the cooled-down
domain patterns of a nanodot was also investigated. The typical
results for a nanodot under um = 0.01 and um = 0.015 are shown
in Fig. 6. The evolution of the domain pattern at large tensile
misfit strains are quite similar to those of small tensile misfit
strains as shown in Fig. 5. As temperature decreases, a transi-
tion from paraelectric to a tetragonal vortex state is generally
observed, and at lower temperatures the tetragonal domain
pattern would also transform into the domain pattern with
g1 = g2 a 0, g3 a 0. Nevertheless, due to the large misfit strain,
the transition temperature increases significantly (B580 K and
B750 K for um = 0.01 and um = 0.015, respectively). Moreover,
the in-plane components of the toroidal moment of the low
temperature domain pattern are significantly depressed as the
tensile misfit strain increases.

3.3. The misfit strain effect on a nanodot with initial vortex
domain patterns

So far, we have shown that misfit strain can significantly affect
the phase transition behavior of the nanodot from paraelectric
as temperature decreases. It is also practically important to see

Fig. 5 Simulated results of the domain pattern evolution of a nanodot under
small tensile strain in a cooling process. (a) and (b) um = 0.001, (c) and (d) um =
0.002, and (e) and (f) um = 0.003.

Fig. 6 Simulated results of the domain pattern evolution of a nanodot under
large tensile strain in a cooling process. Temperature dependence of the toroidal
moment and polarization at (a) um = 0.01 and (b) um = 0.015. (c) The domain
morphologies at selected temperatures for um = 0.015.
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whether misfit strain can bring about significant change on the
formed vortex domain pattern of the nanodot. To achieve this,
the nanodot was further simulated under misfit strains ranging
from �0.02 to 0.02, with initial vortex domain patterns being
those obtained at zero misfit strain. From our study, the
following observations can be made. (a) Similar to the previous
results, compressive misfit strain tends to align the dipoles
along the z-axis while the tensile strain tends to align the
dipoles along the in-plane directions. (b) Consequently, misfit
strain induces the rotation of the dipole vortex as well as
transformations to new domain patterns. (c) The z-component
of the toroidal moment tends to increase under compressive
misfit strain and decrease under tensile strain, while the other
two components show a contrary behavior. Furthermore,
abrupt or abnormal changes may happen, due to new patterns
appearing. (d) The misfit strain effect on the vortex domain
pattern is a strong function of temperature. At relatively low
temperatures, misfit strain affects the domain pattern smoothly
and mainly induces the rotation of the dipole vortex. At relatively
high temperatures, the effect of misfit strain is more fruitful and
induces more domain patterns. (e) Although the misfit strain
changes from �0.02 to 0.02, the polarization vector components
remain near zero, whereas the toroidal moment and the mean
magnitude of polarization change significantly, indicating that
no polar domain pattern is formed.

These observations can be found in the representative results at
T = 50 K, 220 K and 250 K, as depicted in Fig. 7(a) and (b), (c) and
(d) and (e) and (f), respectively. (Note that at T = 250 K, the nanodot
is near-paraelectric with a negligible polarization magnitude.)

It can be seen that the components of the toroidal moment, the
mean magnitude of polarization and the domain pattern are a
strong function of misfit strain at all temperatures, which
clearly demonstrate the effective control of misfit strain on
the vortex domain pattern of the nanodot. A particularly exciting
indication is that misfit strain can rotate the dipole vortex and
induce transformations from the initial VDS into other vortex
domain patterns. For example in Fig. 7(a) and (b), results show
that at T = 50 K the axis of the initial near-rhombohedral vortex
domain pattern rotates to a h110i direction and transforms into
an orthorhombic one (i.e. g1 = g2 a 0, g3 = 0) as compressive
misfit strain increases. Whereas it prefers to align along the
z-direction under tensile misfit strain, with gz increasing signifi-
cantly. Similar results are found at T = 220 K as shown in Fig. 7(c)
and (d), yet the vortex domain pattern becomes tetragonal
(i.e. g1 = g2 = 0, g3 a 0) at small tensile misfit strains, i.e.
0.002 r um r 0.004. Interestingly, at T = 250 K new vortex
patterns with zero toroidal moment, i.e. g1 = g2 = g3 = 0, are found
under compressive misfit strain (see Fig. 7(e) and (f)). Moreover,
the vortex pattern of the nanodot at large compressive misfit
strains becomes stripe-like (e.g. um = �0.02 for T = 220 K and
250 K as respectively shown in Fig. 7(d) and (f)).

To clearly see the effect of misfit strain on the vortex domain
pattern, we further classify the different vortex domain patterns
and draw a ‘‘temperature-misfit strain’’ phase-diagram depicting
the vortex domain pattern as shown in Fig. 8. It must be pointed
out that the classification is a rather rough one. Nevertheless,
several distinct domain patterns are picked out, which have
been denoted by different symbols and plotted in Fig. 8. It can
be seen that compressive misfit strain tends to transform the
initial near-rhombohedral (solid star) or near-paraelectric
(hollow star) domain pattern, into vortex domain patterns
favoring z-directional dipoles. These domain patterns include
the orthorhombic vortex state (solid diamond), the one with
stripe-like domains inside the nanodot (hollow diamond) and
the highly symmetrical multi-vortex domain pattern with zero
toroidal moment (solid circle and hollow circle). Meanwhile,
for tensile misfit strain, the initial vortex domain patterns tend
to transform into domain patterns with dipoles lying in the x–y
plane, i.e. the tetragonal one (hollow triangle) and the one with
the toroidal center of the dipole vortex plane, tend to depart
from its geometric center (solid triangle). For both compressive
and tensile misfit strain, relatively higher temperatures bring
more fruitful domain patterns.

Finally, we would like to point out that the appearance of
fruitful vortex domain patterns originate from the various roles
of the free energy components of the system. Particularly,
electrostatic energy is responsible for the appearance of dipole
vortices. Elastic energy mainly controls the orientation of the
dipole vortex. Landau free energy plays an important role in the
formation of the near-rhombohedral vortex and the tilting of
dipole vortex at low temperatures. Gradient energy is important
in the complexity of the domain pattern, e.g. a single vortex or
multi-vortices. Surface energy mainly affects the phase transition
temperature. More importantly, these free energy components
together determine the domain pattern of the nanostructure in

Fig. 7 Simulated results of the misfit strain effect on a nanodot with initial
vortex domain patterns obtained at zero misfit strain at (a) and (b) T = 50 K,
(c) and (d) T = 220 K and (e) and (f) T = 250 K.
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a comprehensive way, which is demonstrated to be complicated
and fruitful. In our investigation, we mainly investigated the
effects of elastic energy and Landau free energy through
adjusting misfit strain and temperature, fruitful results can
also be achieved by mainly affecting other free energy compo-
nents, such as the electrostatic energy.42

4. Summary and conclusions

In summary, fruitful vortex domain patterns in ferroelectric
nanodots controlled by the misfit strain are predicted using
phase-field simulation. It is shown that the ferroelectric nanodot
adopts a single phase transition from paraelectric phase to a
near-rhombohedral vortex state at zero misfit strain as tempera-
ture decreases. Meanwhile, the misfit strain can induce much
complicated phase transition behaviors for the vortex domain
states of the nanodot. Our calculations found that the ortho-
rhombic, tetragonal and several unreported vortex domain pat-
terns (e.g. with zero toroidal moment) can stably form. More
importantly, a temperature-misfit strain phase diagram has been
given, which also depicts the fruitful vortex domain patterns of
ferroelectric nanodots. To the best of our knowledge, these new
vortex domain patterns and the misfit strain-induced transfor-
mations between vortex domain patterns have not been reported

for ferroelectric nanodots yet. Our investigations should be
meaningful to further reveal the different properties of these
domain patterns, and the simulations should give an important
indication of the potential application of controlling the VDS in
ferroelectric nanostructures by mechanical means.
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