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Effects of size and hydrostatic pressure on the formation of vortex domain structures (VDSs) in

ferroelectric nanodots under the open circuit condition have been simulated using the effective

Hamiltonian method. Our calculations indicate promising controllability of VDS in the nanodots.

Interestingly, it is found that the VDS holds rhombohedral at various sizes and pressures.

Furthermore, the paraelectric-ferrotoroidic phase transition temperature (TFD) is very sensitive to

size and pressure, manifesting with near linear relationships in most investigated range. At high

pressure range, we found that the TFD-pressure curves become nonlinear. It indicates that the

traditional Landau potentials with polarization-strain coupling term up to �Pe2 are not sufficient to

describe the high pressure effect and the expansion coefficients should be modified as pressure

dependent. VC 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4815963]

I. INTRODUCTION

Over the past decades, ferroelectric materials have

attracted an enormous amount of attentions because of their

special physical properties, which imply great potential value

in device applications, including ferroelectric random access

memories (FERAMs),1 sensors,2 transducers,3 actuators,4

etc. Nowadays, with the trend of miniaturization and integra-

tion of devices and the improvement of material preparation

technology, ferroelectric nanostructures (FNs) are expected

to play important roles in future functional devices.5 FNs

usually present quite different properties from those of their

bulk counterparts due to the size, surface, and interface

effects. Actually, lots of studies have been done to figure out

the unique properties, e.g., the ferroelectric size effect that

may exist in low dimensional FE materials in FNs.6–8

Recently, several works have reported that low dimensional

FNs in small size can exhibit vortex domain structures

(VDSs),9,10 which are similar to those in magnetic

nanostructures.11–13 This finding opens exciting opportuni-

ties for designing novel functional devices. For example, a

ferroelectric nanodot with VDS can be used as a memory

cell by controlling the vortex chirality, which enables ultra-

high storage density due to the small size of nanodot.9 Other

examples reside in the novel characteristics of VDS to exter-

nal fields, e.g., the enhanced electromechanical response

found in ferroelectric nanowires due to vortex formation

induced by modulated electric field,14 facilitating the piezo-

electric applications when devices are miniaturized to

nanoscale. Therefore, the controllability of VDSs, which is

the key to promising applications, is a very important topic.

The low dimensional FNs are considered to form toroi-

dal order of polarization configuration to reduce the strong

depolarizing field caused by the uncompensated charges at

the surface. Thus, the formation of VDS is supposed to

strongly depend on effects of many factors like size and

boundary conditions of the nanostructures. In fact, the mech-

anism of forming VDS in FNs and novel ways to control it,

e.g., effects caused by screening of depolarizing field,15,16

applied stress,17 electric field,18 etc., have been theoretically

investigated by various approaches, such as thermodynamic

modeling, first-principle calculations, and first-principles-

based atomic level methods. Experimentally, the characteris-

tics of the VDS have been detected by piezoresponse force

microscopy (PFM) or other methods in several works.19,20

Nevertheless, despite all the intense efforts above, research

on VDS in FNs is still in its infancy, and many problems

remain unsolved both in theory and experiment. Discovering

regularity of VDS formations is crucial for future

applications.

Effect of hydrostatic pressure on the phase transition

and properties of ferroelectric materials has been a long

investigated topic for many decades, which is important

to understand the nature of ferroelectrics. Experimenters

have a lot of efforts to reveal the dependence of the prop-

erties of ferroelectrics on pressure and temperature.21,22

However, due to the difficulty of high pressure experi-

ments, not much substantial advances were achieved until

the great development of the high pressure apparatus and

numerical simulation techniques. Particularly, using a

first-principles-derived method, Zhong et al.23 calculated

the temperature-pressure phase diagram of bulk BaTiO3.

Similar results were later obtained by Ishidate et al.24 in

experiment.

Despite the well-known researches about hydrostatic

pressure effect on bulk ferroelectrics, the formation of VDS

in FNs at various pressures has not yet been investigated and

discussed. Such kind of study should be instructive in both

fundamental research and application of VDS. In this letter,
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a first-principles-derived effective Hamiltonian approach23

coupled with Monte Carlo simulations is used to investigate

the temperature, size, and hydrostatic pressure dependence

of the formation of VDSs in BaTiO3 nanodots. The forming

behaviors of VDS at various sizes and pressures are pre-

sented, respectively. Then, the size and pressure effects are

summarized in the end, and the mechanism of which is dis-

cussed on the basis of the results.

II. THE EFFECTIVE HAMILTONIAN MODEL

In following simulations, we adopt the effective

Hamiltonian proposed for ferroelectric materials.23 The total

energy can be written as a sum of five energies

Etotðfuig; fvig; fgH;lgÞ
¼ EselfðfuigÞ þ EdplðfuigÞ þ EshortðfuigÞ
þEelasðfvig; fgH;lgÞ þ Eintðfuig; fvig; fgH;lgÞ; (1)

where ui is the local soft-mode amplitude vector in unit cell

i, {vi} are the local dimensionless displacements related to

the inhomogeneous strain, and gH;l is the homogeneous strain

tensor. Eself ({ui}), Edpl ({ui}), Eshort ({ui}), Eelas ({vi},

{gH;l}), and Eint ({ui}, {vi}, {gH;l}) are local mode self-

energy, long-range dipole-dipole coupling, short-range

interaction between local modes, elastic energy, and the

interaction between the local modes and local strain,

respectively.

The local-mode self-energy Eself ({ui}) is a summation

of energies of the isolated local modes of all cells

EselfðfuigÞ¼
X

i

ðj2u2
i þau4

i þ cðu2
ixu2

iyþu2
iyu2

izþu2
izu

2
ixÞÞ;

(2)

where ui¼ |ui|, i runs from 1 to N (N is the number of primi-

tive cells in the nanodot), and j2, a, and c are expansion pa-

rameters determined by first-principles calculations.

The long-range dipole-dipole interaction Edpl ({ui})

between local modes is

EdplðfuigÞ ¼
Z�2

2e1

X

i;j;ab

Qij;abui;auj;b; (3)

where e1 is the optical dielectric constant, Z* is the Born

effective charge for the soft mode, a and b denote Cartesian

components, and Q is treated as a constant matrix, written as

Qij;ab ¼ dab=R3
ij � 3Ra;ijRb;ij=R5

ij for nanodot. Here, dab is the

Kronecker delta, Rij¼ jRijj, and Rij¼Ri�Rj, where Ri

labels the center site of cell i. The sum runs over the cell sites

i and j that differ from each other.

The short-range interaction Eshort (fuig) between neigh-

boring local modes is

EshortðfuigÞ ¼
1

2

X

i 6¼j

X

ba

Jij;abui;auj;b; (4)

where Jij,ab is the short-range coupling matrix, defined as a

function of Rij. We take account of the short-range

interaction up to third nearest neighbor, considering the fast

decay of it with increasing jRijj. The coupling matrix Jij,ab

can be simplified to only seven interaction parameters by

symmetry.23

The total elastic energy can be written as a sum of two

parts

Eelasðfvig; fgH;lgÞ ¼ Eelas
H ðfgH;lgÞ þ Eelas

I ðfvigÞ; (5)

where the homogeneous strain energy is

Eelas
H ðfgH;lgÞ ¼

N

2
B11ðg2

H;1 þ g2
H;2 þ g2

H;3Þ

þNB12ðgH;1gH;2 þ gH;2gH;3 þ gH;3gH;1Þ

þ N

2
B44ðg2

H;4 þ g2
H;5 þ g2

H;6Þ; (6)

and the inhomogeneous strain energy is

Eelas
I ðfvigÞ ¼

X

i

fc11½vxðRiÞ � vxðRi 6 xÞ�2

þ c12½vxðRiÞ � vxðRi 6 xÞ�½vyðRiÞ � vyðRi 6 yÞ�
þ c44½vxðRiÞ � vxðRi 6 yÞ þ vyðRiÞ
� vyðRi 6 xÞ�2 þ cyclicperm:g: (7)

Here, B11, B12, and B44 are the elastic constants, and the c
coefficients are related to them by c11¼B11/4, c12¼B12/8,

and c44¼B44/8. x¼ ax̂, y¼ aŷ, z¼ aẑ, where a is the lattice

constant, and x̂, ŷ, and ẑ are unit vectors.

The coupling between the elastic deformations and the

local modes is

Eintðfuig;fvig;fgH;lgÞ¼
1

2

X

i

X

lab

BlabglðRiÞuaðRiÞubðRiÞ;

(8)

where Blab are the coupling constants, and l runs from 1 to 6.

Only B1xx, B1yy, and B4yz are independent due to the result of

cubic symmetry. The total strain contains two parts.

glðRiÞ ¼ gH;lðRiÞ þ gI;lðRiÞ. The inhomogeneous strain is

expressed in terms of the local displacement vectors fvig
that have been defined.23

III. RESULTS AND DISCUSSIONS

In the following calculations, the BaTiO3 nanodot is

assumed to be BaO-terminated. The local mode is Ti-

centered and the displacement is centered on Ba-sites.

Compared with the Hamiltonian in Ref. 23, several adjust-

ments are made in order to simulate BaTiO3 nanodots. No

periodic boundary conditions are imposed in the interaction

between the local modes. The long-range dipole-dipole inter-

action is performed in real space.

We calculate the cubic BaTiO3 nanodots with size being

na� na� na, where n is the number of the five-atom unit cell

along one of the coordinate directions, and a ¼ 7:46a:u: is the

lattice constant. In our simulations, at least 20 000 Monte Carlo

sweeps are first preformed to equilibrium the system, and then

up to 100 000 sweeps are used to get the statistical average for

each temperature. All the simulations are quasi-static cooling
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process under ideal open-circuit condition, and the temperature

is decreased in small steps, typically 10 K.

We first calculate a 12� 12� 12 BaTiO3 nanodot at the

pressure p¼�4.8 GPa, which is found to be a good correc-

tion for the underestimated lattice constants introduced by

local density approximation (LDA) of the first principles

simulation.23 We characterize the VDS in ferroelectric nano-

dot by toroidal moment,25 defined as g ¼ 1=ð2NtÞP
i ri � pi, where t is volume of the unit cell and pi is the

dipole moment of cell i located by position vector ri. The

orientation of the toroidal moment can be characterized by

introducing (h, u), describing the angle between the toroidal

moment vector and z axis and the angle between x axis and

the projection of the toroidal moment vector on the x-y plane,

respectively. The total polarization is calculated by

P ¼ 1=ðNtÞ
P

i pi.
25 The average of the polarization magni-

tude of all sites, i.e., �P ¼ 1=ðNtÞ
P

i jpij, is also introduced

to denote the paraelectric-ferrotoroidic phase transition.

A. Effect of temperature on the vortex domain
structures of ferroelectric nanodot

Fig. 1 shows the simulated results of a 12� 12� 12

BaTiO3 nanodot. It can be seen from Fig. 1(a) that the

magnitude of the toroidal moment g is close to zero at high

temperature. However, when the nanodot is cooling down

and passes through about 270 K, g becomes nonzero and

increases with the decreasing temperature, which implies

that paraelectric-ferrotoroidic phase transition occurs. The

three components of the toroidal moment, |gx|, |gy|, and |gz|,

coincide well with each other during most of the cooling-

down process, expect that minor differences can be found at

low temperature. Moreover, the average of polarization mag-

nitude of all sites �P is nonzero when the temperature is lower

than about 270 K, similar to the variation in toroidal moment

shown in Fig. 1(a), whereas the total polarization remains

nearly null at all temperatures (see Fig. 1(b)). The direction

of the toroidal moment (h, u) is depicted in Fig. 1(c). All

these results indicate that a rhombohedral VDS along [111]

is formed in the nanodot. This is further verified by the mor-

phologies of the stable domain pattern plotted in Fig. 1(d).

The rhombohedral VDS is consistent with the ground state

of bulk BaTiO3 which is in rhombohedral phase at low tem-

perature. The absence of tetragonal and orthorhombic VDSs

but only rhombohedral VDS is similar to previous studies

using effective Hamiltonian simulation and phase field

simulation.16,25

B. Size effects on the vortex domain structures of
ferroelectric nanodot

Based on the characteristics shown in Fig. 1, we extend

our simulations at various sizes denoted by n, with n ranging

from 6 to 16, to investigate the size effect on the formation

of the VDS. The simulations are still under the hydrostatic

pressure �4.8 GPa. The simulated results are shown in

Fig. 2. We can see from Fig. 2(a) that the toroidal moment of

different sizes have similar change tendency during the

cooling-down process of temperature. At a given tempera-

ture, it increases with the increase of the size obviously. At

the same time, the paraelectric-ferrotoroidic phase transition

temperature (TFD) also increases with the size increasing. As

the size deceases, the phase transition becomes less abrupt.

Note that in our simulation, we did not incorporate the surface

term10 in the effective Hamiltonian, which may have impact

on the phase transition temperature. According to the mor-

phologies of the VDS at 0 K plotted in Fig. 2(b), it seems that

the direction of the toroidal moment in cubic BaTiO3 hardly

changes with size. Especially, it is worth mentioned that

for the 16� 16� 16 BaTiO3 nanodot, when the temperature

is cooled down to about 50 K, a slightly decrease of the

magnitude of toroidal moment is found. Correspondingly,

FIG. 1. Simulated results of a 12� 12

�12 BaTiO3 nanodot under ideal open-

circuit condition at p ¼ �4:8GPa. The

variation of (a) magnitude of toroidal

moment, (b) polarization, (c) direction

of toroidal moment, and (d) the vortex

domain structures with temperature.

All vortex domain patterns in the fig-

ures behind are shown with the same

color bar scale.
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some small additional vortex patterns arise around the mid-

point of the edges of the cubic nanodot (see Fig. 2(b)).

C. Effects of pressure on the vortex domain structure
of ferroelectric nanodot

As mentioned above, hydrostatic pressure, which is

reported to be crucial in the phase transition of ferroelectrics,

is expected to play an important role in the formation and

controllability of the VDS in BaTiO3 nanodots. To investi-

gate this, we further simulate the 12� 12� 12 BaTiO3

nanodot with the pressure ranging from �7 GPa to 9 GPa.

Simulated result (Fig. 3(a)) shows that both TFD and g
decrease significantly with the increase of hydrostatic pres-

sure. More importantly, the TFD can be shifted within a wide

range by adjusting hydrostatic pressure. Application of a

positive hydrostatic pressure (compared with p¼�4.8 GPa

which is considered to be theoretical zero pressure)

depresses the formation of the VDS. When the pressure

reaches as high as 7 GPa, no stable VDS is found at all tem-

peratures. Interestingly, the vortex patterns remain single

domain and rhombohedral at different pressures except that a

different pattern (|gx|>|gz|>|gy|) is captured at T¼ 0 K with

p¼ 7 GPa, which is actually quite unstable and near para-

electric state as shown in Fig. 3(b). No other ferroelectric

phase or polarization pattern is found. The full phase

FIG. 2. (a) The toroidal moments of nanodots with different sizes as a func-

tion of temperature and (b) vortex domain patterns of some selected sizes at

T¼ 0 K.

FIG. 3. (a) Simulated toroidal moments of a nanodot under different pres-

sures as a function of temperature and (b) the vortex domain patterns at

some selected pressures at T¼ 0 K.

FIG. 4. The calculated functional relation between (a) TFD and size at differ-

ent pressures and (b) TFD and pressure at various sizes.
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transition sequence present in the bulk BaTiO3 cannot be

induced by pressure effect in our simulations here.

D. The paraelectric-ferrotoroidic phase transition
temperature determined by effects of size and
pressure

To fully investigate the size and pressure effects, we fur-

ther extend our simulations to various sizes and hydrostatic

pressures, and the results are summarized in Fig. 4. Fig. 4(a)

shows the TFD as a function of the size of cubic nanodots.

The TFD in BaTiO3 nanodots is a little lower than the ferro-

electric transition temperature in their bulk counterparts and

it increases with size slowly. The near linear relation

between the TFD and pressure is obtained and depicted in

Fig. 4(b), which demonstrates a fast reduction of the TFD

with the increase of the pressure. Particularly, the slope

(dTc=dp) remains nearly unchanged at low pressures,

whereas it decreases at high pressures. Note that this nonlin-

ear behavior is not expected in phase field simulation based

on the traditional Landau potentials,26 which describe the

coupling effect between polarization and strain by incorpo-

rating a coupling term �Pe2, with all the expansion coeffi-

cients being independent of pressure. As we know, the

pressure effect is equivalent to applying an isotropic strain,

and this strain leads to a renormalization of the phase transi-

tion temperature as DTc/ e/ p. Accordingly, TFD should be

also linearly proportional to hydrostatic pressure. The contra-

diction between the two approaches indicates that the tradi-

tional Landau potentials only with polarization-strain

coupling term �Pe2 are not sufficient to describe the high

pressure effect. Although a coupling term �Pe2 is sufficient

for most purposes, such as the formation of VDS in BaTiO3

dots in low pressure conditions, a modification of the expan-

sion coefficients to be pressure dependent should become

essential when it comes to high pressure conditions.

IV. CONCLUSIONS

In summary, effects of size and hydrostatic pressure

on the formation of VDSs in BaTiO3 nanodots at open-

circuit condition have been investigated using the effective

Hamiltonian method. Our study indicates promising

controllability of VDS of the nanodots by size and pressure.

Interestingly, it is found that the VDS holds rhombohedral at

various sizes and pressures. Furthermore, the paraelectric-

ferrotoroidic phase transition temperature of the nanodot is

found very sensitive to size and pressure, manifesting near

linear relationships in most investigated range. At high pres-

sure range, we found that the TFD-pressure curves become

nonlinear. This indicates that the traditional Landau thermo-

dynamic potentials with polarization-strain coupling term

up to �Pe2 are not sufficient to describe the high pressure

effect and the expansion coefficients should be modified as

pressure dependent. The results also throw light on the

actual designing of functional devices, such as pressure

transducer.
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