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Strain effects on Josephson current in a graphene-superconductor junction are explored

theoretically. It is demonstrated that the supercurrent is an oscillatory function of zigzag direction

strain with a strain-dependent oscillating frequency. Interestingly, it is found that the Josephson

current under armchair direction strain can be turned on/off with a cutoff strain. In view of the

on/off properties of the Josephson current, we propose the strained graphene Josephson junction to

be utilized as a supercurrent switch. VC 2013 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4828567]

Owing to the interplay of superconductivity and the

unique electronic structure of graphene, graphene-based super-

conductors have attracted considerable attention in quantum

transport and application of superconductor nanoelectronics.

As one of these significant applications, the graphene-based

superconductor-normal-superconductor nanostructure (SNS,

i.e., Josephson junction) has been theoretically investigated1–8

and experimentally fabricated by depositing two closely

spaced superconductor electrodes on graphene,9–13 where the

proximity effects are responsible for the superconductivity of

graphene.1,6,14 The theoretical and experimental results dem-

onstrate that a finite Josephson current (i.e., supercurrent) can

flow at zero charge density in the graphene Josephson junc-

tion.1,9 The unusual phenomenon provides a proof of the rela-

tivistic Josephson Effect.1,9 However, the finite supercurrent

limits the application of the graphene Josephson junction in

controllable superconductor nanoelectronics with a high on/off

ration, such as a supercurrent switch. Recent works on the

tunability and external influence of supercurrent concern tem-

perature and size effects,2–4,11,12 gate-controlled potential bar-

riers,5,13 and proximity-induced exchange field by a

ferromagnetic gate.7

The electronic structure in graphene-based nanostruc-

tures can also be tuned by mechanical strains. Some investi-

gations have shown that reversible and controlled strains in

graphene can be realized by using a suitable substrate

patterning,15,16 a uniform planar tension,17 or atomic force

microscope (AFM) tip.18 Owing to the large elastic deforma-

tion of up to 20% for graphene, the strain in graphene has

the advantage of high tunability.19 It is demonstrated that the

mechanical strains in graphene can induce the Dirac cone’s

deformation resulting in anisotropic group velocity20,21 and

K (K0) point displacements introducing a pseudomagnetic

field.21,22 As a result, the anisotropic velocity and the pseu-

domagnetic field can be used to manipulate the electronic

transport in these nanostructures. The aim of this letter is to

report the strain effects on the Josephson current through the

graphene SNS junction.

In this letter, we propose a robust supercurrent switch

based on the graphene Josephson junction under armchair

direction strain, which can turn on/off the Josephson current

with a cutoff value. We also investigate the effects of zigzag

direction strain on the Josephson current. It is found that the

Josephson current is an oscillatory function of the zigzag

direction strain with a varied oscillating period.

Hamiltonian, wave functions and Josephson current.
We consider a strained graphene SNS junction, where uniax-

ial strain is applied inside the middle region (II) and super-

conducting electrodes are deposited on left (I) and right (III)

regions. Quasiparticles in regions I and III, as the mixture of

electrons and holes, are described by the effective Dirac-

Bogoliubov-de-Gennes (DBdG) Hamiltonian23

HIðIIIÞ ¼
vf ðr*xpx þ r*ypyÞ � EF Dk

D†
k EF � vf ðr*xpx þ r*ypyÞ

" #
;

(1)

where r*x and r*y are Pauli spin matrices, Dk ¼ DðcÞexpði/1Þ
in region I and Dk ¼ DðcÞexpði/2Þ in region III are the com-

plex pair potentials and only have an angular dependence

c ¼ atanðky=kxÞ with phases /1 and /2, respectively, and EF

is the Fermi energy. Taking into account the conservation of

ky and the mean-field conditions for superconductivity

(DðcÞ � EF) and using Eq. (1), one can write the wave func-

tions of these particles moving along 6x directions in the

superconducting regions as w6
IðIIIÞðx; yÞ ¼ w6

IðIIIÞ expðikyyÞ,
with w6

IðIIIÞ satisfying

w6
Ie ¼ ðu; 6ue6ic; ve�i/1 ; 6ve�i/1 e6icÞTe6ikxx;

w6
Ih ¼ ðv; 6ve6ic; ue�i/1 ; 6ue�i/1 e6icÞTe6ikxx;

w6
IIIe ¼ ðu; 6ue6ic; ve�i/2 ; 6ve�i/2 e6icÞTe6ikxx;

w6
IIIh ¼ ðv; 6ve6ic; ue�i/2 ; 6ue�i/2 e6icÞTe6ikxx;

(2)

where c ¼ sin�1ðky�hvf =EFÞ and kx ¼ EF cos c=�hvf . The coef-

ficients u and v are

u ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jDðcÞj2=E2

q
=2

r
;

v ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=2�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jDðcÞj2=E2

q
=2

r
:

(3)
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The strain-dependent Hamiltonian HII in the region II

reads21

HII ¼ �hvf U
†ðaÞ½r*xð1� kxeÞqx þ r*yð1� kyeÞqy�UðaÞ � r*0;

(4)

where a is the angle between the strain direction and graphene

zigzag direction (labeled by x-direction), kx¼ 2.2, ky¼�0.308,

U(a)¼ diag(1, e�ia) is the unitary matrix, r*0 is the identity ma-

trix, e is the magnitude of strain, and q¼ (qx, qy)
T measures the

wave vector displacement from the shifted Dirac points

qD ¼ 6½j0eð1þ lÞcos 3a=a0;�j0eð1þ lÞsin 3a=a0�T ,21 with

j0� 1.6, l¼0.14 as Poisson’s ratio, and a0¼ 0.142 nm as the

C-C distance. Note that the energy gap is not considered since

the magnitude of strain in this work is limited within 20%,

where the gap cannot be opened up.20 Consequently, the wave

functions in strained graphene have the form of

w6
IIe ¼ ð1; 6se6ih; 0; 0ÞTe6iqexx;

w6
IIh ¼ ð0; 0; 1; 7s0e6ih0 ÞTe7iqhxx;

(5)

where s ¼ sgnðEþ EF � VÞ, s0 ¼ sgnðE� EF þ VÞ with the

potential V, h is the angle of electrons, h0 is the angle of holes

due to the Andreev reflection,23 and the longitudinal wave

vectors qex and qhx are given by

qex ¼ ð1� kxeÞ�1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðEþ EF � VÞ2=�h2v2

f � ð1� kyeÞ2ðky � qDyÞ2
q

;

qhx ¼ ð1� kxeÞ�1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE� EF þ VÞ2=�h2v2

f � ð1� kyeÞ2ðky � qDyÞ2:
q (6)

Considering jV � EFj � EF for short tunnel barriers and E < DðcÞ � EF for the subgap states, we have Eþ EF � V ’ EF � V,

h ’ �h0, s ¼ �s0 ¼ sgnðEF � VÞ, and qex ’ qhx ¼ qx.

Since strain induces the deformation of band structure of graphene and leads to unequal group velocities between the

strained regions and the superconductor regions, one should rewrite the wave functions in this form of U6
IðIIIÞ ¼ w6

IðIIIÞ and

U6
II ¼ w6

II=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� kxeÞ

p
. The total wave functions in three regions can be written as

UI ¼ a1U
�
I þ b1U

þ
I ;

UII ¼ aUþIIe þ bU�IIe þ cUþIIh þ dU�IIh;

UIII ¼ a2U
þ
III þ b2U

�
III:

(7)

To ensure the requirement of continuity equation, these wave functions should be continuous at x¼�w and x¼ 0 of barrier

boundaries. Therefore, according to the continuity of U(x), one can obtain the energy spectrum of the Andreev bound states

E2

D2ðcÞ
¼ sin2ðqxwÞ½ð1� sn sin cÞ2 þ ðn� sin cÞ2� þ g2 cos2 c cos2ðqxwÞ þ g2 cos2 c cos /

2½ð1� sn sin cÞ2sin2ðqxwÞ þ g2 cos2 c cos2ðqxwÞ�
; (8)

where / ¼ /2 � /1 is the phase difference between the right and left superconductors, and the coefficients n and g are defined

as follows:

n ¼ ð1� kyeÞðky � qDyÞ�hvf=jEF � Vj; g ¼ ð1� kxeÞqx�hvf =jEF � Vj: (9)

Note that the existent condition of the subgap Andreev-bound states E6 in Eq. (8) requires that the longitudinal wave vector qx

in strained region should be real. Taking into account all possible trajectories of particles, one can write the Josephson current

in graphene SNS junction as IJ ¼ 4e
�h

P
m¼6

Ð p=2

�p=2
dcf ðEmÞcos cdEmð/Þ=d/,1 where f ðxÞ ¼ 1=ðex=kBT þ 1Þ is the Fermi-Dirac

distribution function. Using Eq. (8), we can obtain the Josephson current in the strained graphene SNS junction with length L
as follows:

IJ=I0 ¼
ðp=2

�p=2

dc
DðcÞg2 cos3 c sin / tanhðEþ=2kBTÞ

E½sin2ðqxwÞð1� sn sin cÞ2 þ g2 cos2 c cos2ðqxwÞ�

" #
; (10)

where I0 ¼ eD0EFL=2�h2pvf . We assume DðcÞ ¼ D0 for

s-wave is constant only inside the superconducting regions

and define the critical supercurrent as IC ¼ maxðIJ=I0Þ.
Strain effects on Josephson current. Because strain indu-

ces anisotropic Fermi velocity24,25 and a distribution of

Fermi velocity has a strong influence on bound states,25,26

different direction strains will lead to different effects on the

Josephson current. Owing to the D6h point group of the gra-

phene lattice, the zigzag direction strain (a¼ 0) is equivalent

to the strain along a ¼ np=3 directions and the armchair

direction strain (a ¼ p=2) is identical to the strain along a
¼ ð2nþ 1Þp=6 directions, where n is an integer. Therefore,

182603-2 Wang, Liu, and Wang Appl. Phys. Lett. 103, 182603 (2013)



we can only pay attention to the typical zigzag and armchair

directions. We first investigate the effect of the zigzag direc-

tion strain on the Josephson current in Figs. 1(a) and 1(b). To

ensure that the electron density of states agrees well with a

true system, some valid values are used: EF¼ 0.1 eV,

V=EF ¼ 10, kBT ¼ 0:01D0, and w ¼ kF=p, where kF

¼ 2p=kF is the Fermi wavelength. From Fig. 1(a), one can

observe that the Josephson current is an oscillatory function

of the strain magnitude e. Previous investigations have

shown that the Josephson current is an oscillatory function of

the gate-controlled potential V with an unvaried oscillating

frequency.5 However, in the presence of the zigzag direction

strain, the oscillating frequency increases with enhanced mag-

nitude e, since the strain-induced group velocity of vx ¼
vf=ð1� 2:2eÞ increases with strengthened e. The oscillating

Josephson current induced by the zigzag direction strain also

happens in the Josephson junction of graphene ribbon.27 On

the other hand, due to the periodical characteristics of the

oscillating current, we can only consider the current-phase

relation inside single period, such as the period of e from

0.055 to 0.11 with the peak of ep¼ 0.085. The results are plot-

ted in Fig. 1(b). As can be seen, the closer the strain magni-

tude e is to ep, the more the current-phase relation deviates

from the sinusoidal form. The oscillating current with a tuna-

ble period and the current-phase relation in a controlled fash-

ion may be applied to strain-engineered superconducting

logic circuits.7 Recently, a phase-sensitive SQUID (supercon-

ducting quantum interference device) interferometry tech-

nique has been used to directly observe the current-phase

relation.28 It is possible to apply the interferometry technique

to examine the strain effects on the current-phase relation.

We further investigate the effects of the armchair direc-

tion strain on the Josephson current in Figs. 2(a) and 2(b). To

compare with the influence of the zigzag direction strain, we

consider the identical values of EF, w, kBT, and V=EF as in

Fig. 1(a). The Josephson current as a function of e is shown in

Fig. 2(a). With the increased strain magnitude, the currents

including the critical current IC decrease to zero. This means

that the armchair direction strain can turn on/off the Josephson

current. Physically, the Josephson current is carried by the sub-

gap Andreev bound states, which require the longitudinal

wave vector qx in strained region to be real, i.e., jEF � Vj �
jð1� kyeÞðky � qDyÞj with qDy ¼ �j0eð1þ lÞsin 3a=a0. In

other words, if qx becomes imaginary, the Andreev bound

states will not exist and the Josephson current will not be pro-

duced. Obviously, for the armchair direction strain, the shifts

of Dirac point (�qDy ’ 84:55e) dramatically increase with the

enhanced strain and lead to the imaginary qx. Therefore, we at-

tribute the supercurrent switch effect under the armchair strain

to the shift of Dirac point. From Fig. 2(a), one can also observe

that the Josephson current has a cutoff strain eoff. Owing to

ð1� kyeÞðky � qDyÞ � ð1� kyeÞðkF � qDyÞ, we can obtain

an approximate value of the cutoff strain from jEF � Vj
¼ jð1� kyeÞðkF � qDyÞj as follows:

eof f ¼
�a0kFky þ j0ð1þ lÞsin 3aþ ffiffiffi

v
p

2j0kyð1þ lÞsin 3a
; (11)

where v ¼ ½j0ð1þ lÞsin 3aþ a0kFky�2 þ 4a0j0kFkyð1þ lÞ
ðV=EFÞsin 3a. Note that Eq. (11) is valid only under the con-

dition of qDy 6¼ 0. For qDy ¼ 0 such as the zigzag direction

strain, the Dirac point is never shifted and the Josephson cur-

rent cannot be turned off, as previously demonstrated.

Equation (11) also shows that the cutoff strain depends on

the potential V and the strain magnitude e. Therefore, we

plot the critical supercurrent as a function of the strain mag-

nitude e at different potentials in Fig. 2(b). As can be seen,

the cutoff strain is tuned by the potential V. In addition, the

switch performance is very robust. The good on/off ration

and the controllable cutoff values of the Josephson current

indicate that the graphene Josephson junction under the

FIG. 1. Effects of zigzag direction strain: (a) Josephson current as a function

of the strain magnitude e and (b) the current-phase relation for EF¼ 0.1 eV,

w ¼ kF=p, kBT ¼ 0:01D0, and V=EF ¼ 10.

FIG. 2. Effects of armchair direction strain: (a) Josephson current as a func-

tion of the strain magnitude e with V=EF ¼ 10 and (b) critical supercurrent

as a function of the strain magnitude e for EF¼ 0.1 eV, w ¼ kF=p, and

kBT ¼ 0:01D0.

182603-3 Wang, Liu, and Wang Appl. Phys. Lett. 103, 182603 (2013)



armchair direction strain is a promised candidate of a super-

current switch.

In real situations, there are always some boundary

effects such as the boundary of potential barriers and the

strain smoothness at the graphene-superconductor interface.

To explore how these interface effects affect the Josephson

current, we adopt a typical potential profile29 and strain

profile21

VðxÞ ¼ 0:5V½erf ð2ðxþ wÞ=d � 2Þ þ erf ð�2x=d � 2Þ� (12)

and

eðxÞ ¼ e
tanhðw=4aÞ ½1=ð1þ e�ðxþwÞ=aÞ � 1=ð1þ e�x=aÞ�;

(13)

where erf(x) is the error function with the smoothing parame-

ters d and a. The numerical results are plotted in Figs. 3(a)

and 3(b). Indeed, it is clear that the smoothness of the inter-

faces has an obvious influence on the Josephson current.

However, the oscillating effects of the current and the switch

effects of the Josephson current remain in all cases.

Therefore, the smoothness of the strain and potential profiles

will not restrict the application of the current oscillations and

the switch effects of the strained graphene Josephson junc-

tion in superconducting electronics.

In summary, we have explored the strain effects on the

Josephson current in a graphene SNS junction. It is found

that the Josephson current is an oscillatory function of the

zigzag direction strain and the oscillating period is varied

with the enhanced strain. However, the results in the pres-

ence of the armchair direction strain demonstrate that the

Josephson current can be turned on/off with a cutoff strain.

We attribute the on/off behavior of the current to the strain-

induced displacement of Dirac point and propose the gra-

phene Josephson junction under the armchair direction strain

as a supercurrent switch.

We are grateful for the support from the National
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