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Strain effect on guided modes and electron transmission through the strained graphene waveguide with oscillating potential are explored

theoretically. It is found that the guided mode in the waveguide can be controlled by zigzag or armchair direction strain. The transmission spectrum

obtained displays a sharply asymmetric tunneling peak, where the energy difference between the tunneling peak and guided mode is equal to the

photon induced by the oscillating potential. In view of the quantitative relationship, we propose the photon-assisted tunneling to probe the strain-

tunable guided modes. # 2013 The Japan Society of Applied Physics

O
wing to the similarity between the linear dispersion
for electrons in graphene and energy-momentum
relationship for light, the analogous light phenom-

enon of electrons in graphene has attracted considerable
attention in quantum transport and application of carbon-
based nanoelectronics.1–12) As one of these significant
applications, the graphene waveguide has been theoretically
proposed on the basis of magnetic field,5) combination of
magnetic and electric fields,6,7) geometric constraints,8) or
quantum well induced by an electrostatic potential,9–12) due
to their confinement effects for electrons in graphene,
respectively. By analogy of guiding light in a fiber, the
bound state serves as a guided mode and guides electrons in
a graphene waveguide. With the rapid development of
electron-beam lithography technology, P (hole-like) or N
(electron-like) regions in graphene have been achieved by
using a combination of top/bottom gates.13) Recently, the
graphene waveguide based on the gate-controlled quantum
well has been fabricated and its guided efficiency has also
been measured experimentally by the four-terminal elec-
trode method.12)

Usually, the coupling between a substrate and graphene
can lead to strain for the graphene placed on the substrate.
In addition, a suitable substrate patterning can induce a
distribution of local strain profiles, which may provide an
important path for achieving multiple nanodevices in the
same graphene sheet.14) Some investigations also show that
reversible and controlled strain in graphene can be realized
by using a uniform planar tension15) or atomic force mi-
croscope (AFM) tip.16) Owing to the large elastic deforma-
tion of up to 20% for graphene,17) the strain in graphene
has the advantage of high tunability. Moreover, the strain
and some strain-induced change in graphene electronic and
optical properties can be quantitatively measured by Raman
spectroscopy.18,19) On the other hand, it is demonstrated
that strain has a strong influence on the electric structure in
graphene-based nanostructures, such as a band gap opening
only along the zigzag direction strain with a magnitude
larger than 23%,15) Dirac cone’s deformation resulting in
anisotropic group velocity,20,21) and K (K0) point displace-
ment introducing a pseudomagnetic field.21,22) As a result,
the strain-induced anisotropic velocity and pseudomagnetic
field can be used to manipulate the electronic transport
in these nanostructures. One of our aims in this letter is to
report the strain effect on electronic transport of a graphene

waveguide, including the guided modes and tunneling
through the quantum well.

As previously mentioned, a graphene waveguide has been
proposed theoretically and prepared experimentally. How-
ever, up to now, the guided mode as the main characteristic of
the graphene waveguide has not been detected, due to the lack
of an available probing method. In this letter, we will present
an available approach to examine the guided mode and the
strain effect on the guided mode, based on the photon-assisted
tunneling.23) We consider the strained waveguide in the
presence of an oscillating potential supplying the photons,
which are absorbed or emitted by incident electrons so as to
tunnel through the confined region of the waveguide by virtue
of the bound states. The transmission spectrum exhibits a
strongly asymmetric tunneling peak, which manifests the
existence of the guided mode.

Hamiltonian and wave functions. We consider a graphene
quantum well, where uniaxial strain is applied inside the
well region with time-periodic oscillating potential realized
by a top or bottom gate. Low-energy electrons near the K
point can be described by the effective Hamiltonian

H ¼ h�vf½�xpx þ �ypy� (jxj > w=2)

Hs � U0 þ U1 cos!t (jxj � w=2)

�
; ð1Þ

where �x and �y are Pauli spin matrices, U0 is the depth
of the potential well, and U1 and ! are the magnitude and
frequency of the ac potential, respectively. In Eq. (1), the
strain-dependent Hamiltonian Hs reads

21)

Hs ¼ h�vfU
yð�Þ½�xð1� �x"Þqx þ �yð1� �y"Þqy�Uð�Þ; ð2Þ

where � is the angle between the strain direction and
graphene zigzag direction (labeled by x-direction), �x ¼ 2:2,
�y ¼ �0:308, Uð�Þ ¼ diagð1; e�i�) is the unitary matrix, " is
the magnitude of strain, and q ¼ ðqx; qyÞT measures the wave
vector displacement from the shifted Dirac points qD ¼
�½�0"ð1þ �Þ cos 3�=a0;��0"ð1þ �Þ sin 3�=a0�T,21) where
�0 � 1:6 and a0 ¼ 0:142 nm is the C–C distance. Note that
the energy gap is not considered because the magnitude
of strain in this work is limited within 23%, where the gap
cannot be opened up.15) Taking into account the Floquet
theorem and the conservation of ky, one can write the
wavefunctions as

¼ðx; y; tÞ ¼ ¼Aðx; tÞ
¼Bðx; tÞ

� �
expðikyyÞ exp �i

EFt

h�

� �
; ð3Þ
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where EF ¼ Eþ nh�! (n is an integer) is the Floquet energy
eigenvalue and �AðBÞðx; tÞ ¼ �AðBÞðx; t þ T Þ is time-periodic
functions with period T ¼ 2�=!. Substituting Eq. (3) into

Eq. (1) and using the variable separation approach, one can
obtain the wave functions in three regions of the graphene
waveguide

¼Iðx; y; tÞ ¼
X1

n¼�1

eikx;nx e�ikx;nx

sei�neikx;nx �se�i�ne�ikx;nx

" #
�n;0

rn

� �
expðikyyÞ exp �i

Eþ nh�!

h�
t

� �
; ð4aÞ

¼IIðx; y; tÞ ¼
X1

m;n¼�1
Jn

U1

h�!

� �
eiqx;mx e�iqx;mx

s0ei’meiqx;mx �s0e�i’me�iqx;mx

" #
am

bm

� �
expðikyyÞ exp �i

Eþ mh�!þ nh�!

h�
t

� �
; ð4bÞ

¼IIIðx; y; tÞ ¼
X1

n¼�1

eikx;nx e�ikx;nx

sei�neikx;nx �se�i�ne�ikx;nx

" #
tn

0

� �
expðikyyÞ exp �i

Eþ nh�!

h�
t

� �
; ð4cÞ

where s ¼ sgnðEþ nh�!Þ, kx;n ¼ ½ðEþ nh�!Þ2=h� 2v2f � k2y �1=2,
�n ¼ arctanðky=kx;nÞ, s0 ¼ sgnðEþ U0 þ mh�!Þ, JnðU1=h�!Þ is
the Bessel function of the first kind and qx;m ¼ ð1�
�x"Þ�1½ðEþ U0 þ mh�!Þ2=h� 2v2f � ð1� �y"Þ2ðky � qDyÞ2�1=2.

Strain-tunable guided mode. Since the bound state is
caused by total internal reflection (TIR) at the p–n interface,
the guiding of electrons is localized in the middle well
region and the evanescent states exist in the left and right
barrier regions. This means that the wavevector qx;m in the
well region should be real and the wavevector kx;n in the left
and right barrier regions is imaginary, which leads to

jEþ U0 þ mh�!j > h�vf j1� �y"jjky � qDyj; ð5aÞ
jEþ nh�!j < h�vf jkyj: ð5bÞ

Therefore, jEþ U0 þ mh�!j ¼ h�vf j1� �y"jjky � qDyj and
jEþ nh�!j ¼ h�vf jkyj denote the boundaries between contin-
uous states and bound states and are plotted in Fig. 1 (red
dashed lines). Owing the unequal group velocities between
the strained graphene region and the free graphene region,21)

one can rewrite the wave function in this form of
¼ðxÞ ¼ ½1� �"ðxÞ��1=2�ðxÞ, where "ðxÞ ¼ " �ðw=2� jxjÞ
with �ðxÞ as the Heaviside step function is the position-
dependent strain modulus and �ðxÞ is a continuous function
at the barrier’s boundaries, to ensure the requirement
of continuity equation. Therefore, according to the con-
tinuity of �ðxÞ, we can obtain the energy spectrum of the
bound states, which satisfies the following transcendental
equation:

½ðEþ nh�!ÞðEþ U0 þ mh�!Þ � ðh�vfÞ2kyð1� �y"Þðky � qDyÞ� sin qxw
þ ½ðh�vfkyÞ2 � ðEþ nh�!Þ2�1=2½ðEþ U0 þ mh�!Þ2 � ðh�vfÞ2ð1� �y"Þ2ðky � qDyÞ2�1=2 cos qxw ¼ 0: ð6Þ

Because strain induces anisotropic Fermi velocity and a
distribution of Fermi velocity has a strong influence on
guided modes,24) different direction strains will lead to
different effects on the guided modes. We pay attention to
double typical direction strains including the zigzag (� ¼ 0�)
and armchair (� ¼ 90�) directions. The energy spectrum
EðkyÞ is plotted in Fig. 1 (blue solid lines). In this calcu-
lation, some parameters are used: " ¼ 2, 8, and 14%, for

zigzag direction strain, " ¼ 0:5, 1, and 1.5% for armchair
direction strain, and in two cases, U0 ¼ 40meV, U1 ¼
0meV, and w ¼ 150 nm. Note that guided modes for a
specific transverse wave vector can be determined by the
intersections between energy spectrum and fixed ky, such as
ky ¼ 0:05 in Figs. 1(a)–1(c) and ky ¼ 0:08 in Figs. 1(d)–
1(f ). It is clearly seen that the guided modes and energy
spectrum are changed by the strain. Indeed, strain effects of
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Fig. 1. Energy spectrum EðkyÞ for U0 ¼ 40meV, U1 ¼ 0meV, and w ¼ 150 nm; under zigzag direction strain: (a) " ¼ 2%, (b) " ¼ 8%, and (c) " ¼ 14%;

under armchair direction strain: (d) " ¼ 0:5%, (e) " ¼ 1%, and (f) " ¼ 1:5%.
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the zigzag and armchair directions on guided modes exhibit
remarkable differences. For the zigzag direction strain in
Figs. 1(a)–1(c), the numbers of intersections are 5, 6, and 7
for " ¼ 0:02, 0.08, and 0.14, respectively, which indicate
that the number of guided modes increases with the
strengthened strain. However, the number of guided modes
dramatically decreases under armchair direction strain, as
shown in Figs. 1(d)–1(f ), since the Dirac point moves
toward the right. Not only the number but also the energy of
the guided mode is changed by the varied strain. We only list
the energy positions (Eg) of the highest-order guided mode
in Table I. It is clear that the energy location of the highest-
order mode increases with increased strain along the zigzag
or armchair direction. In addition, we also find that other
order guided modes have a similar variation trend with
changed strain. Therefore, one can control the appearance of
the higher-order guided modes by adjusting the strain. In
other words, a tunable graphene waveguide can be realized
by manipulating the strain. The strain not only can control
the bound states but also has an obvious influence on the
surface state,14,25) which is referred to the state localized near
the barrier edges. We also calculate the surface modes under
the armchair direction strain with " ¼ 1 and 1.5% and plot
the results in Figs. 1(e) and 1(f) (green solid line). It is clear
that the surface modes are localized inside both Dirac cones,
which also occurs in strain-induced graphene superlattices
with resonant modes.25)

Photon-assisted tunneling. Propagating states through the
quantum well require that both the wavevector qx;m in the
well region and the wavevector kx;n in the left and right
barrier regions should be real, which leads to

jEþ U0 þ mh�!j > h�vf j1� �y"jjky � qDyj; ð7aÞ
jEþ nh�!j > h�vf jkyj: ð7bÞ

Matching the wave functions �ðxÞ at boundaries, one can
obtain an infinite set of coupled equations consisting of
unknown coefficients rn, am, bm, and tn in Eqs. (4a)–(4c).
However, the infinite series can be truncated to 2N þ 1

equations,26) where N is a positive integer greater than
U1=h�!. Afterward, the transmission probability can be
obtained by T ¼ PN

n¼�N jtnj2. Figure 2 shows the transmis-
sion probability as a function of incident energy. In this
calculation, U1 ¼ 1meV, h�! ¼ 14meV, N ¼ 3, and other

parameters are identical to those in Fig. 1. One can clearly
observe that some sharply asymmetric tunneling peaks occur
and their energy positions vary with the changed strain.
To compare with the energy of guided modes, we also
show energy positions (Ep) of tunneling peaks in Table I.
Remarkably, Ep ¼ Eg þ h�!; this means that the underlying
mechanism is the typical photon-assisted tunneling process.
In other words, incident electrons emit photons firstly, then
drop to the highest-order bound state of the quantum well
and finally tunnel through the well. By contrast, if the energy
of incident electrons is less than that of the bound state, the
incident electrons should absorb photons and then jump
to the bound state. Similarly, incident electrons can also
be transferred to other order bound states by changing the
frequency (!). More importantly, owing to the one-to-one
correspondence between the energy position of the asym-
metric tunneling peak and that of the guided mode, the
photon-assisted tunneling can be utilized to probe the guided
modes of the graphene waveguide.

One may wonder if the examination of the guided modes
is available due to the transmission measurement and the
smoothness of strain and potential profiles. For the trans-
mission measurement, a previous experiment has shown that
the transmission through the graphene waveguide can be
measured.12) It is shown that the transmission (T ) is obtained
by a ‘focusing’ geometry, with current I and applied voltage
V , which lead to T ¼ h=2e2R with the resistance R meas-
ured by using I–V curves.12) To explore the influence of
the smoothness of the interface on the detection of guided
modes, we adopt a typical potential profile27) and strain
profile21)

U0;1ðxÞ ¼ 0:5U0;1 erf
2wðxþw=2Þ

d � 2

� �
þ erf

2wðw=2� xÞ
d � 2

� �� �
; ð8aÞ

"ðxÞ ¼ "

tanhðw=4aÞ
1

1þ exp½�ðxþw=2Þ=a� �
1

1þ exp½�ðx�w=2Þ=a�
� �

; ð8bÞ

where erfðxÞ is the error function with smoothing parameter
d and a. The numerical results are plotted in Fig. 3. It is
clearly observed that the smoothness of the interface has an

obvious influence on the guided mode. Under zigzag direc-
tion strain, the guided mode is dependent on the potential
profile, but independent of the strain profile, as shown in
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Fig. 2. Transmission probability as a function of incident energy for

U0 ¼ 40meV, U1 ¼ 1meV, h�! ¼ 14meV, and w ¼ 150 nm; (a) under

zigzag direction strain at ky ¼ 0:05; (b) under armchair direction strain at

ky ¼ 0:08.

Table I. Energy positions (meV) of guided mode and tunneling peak.

Zigzag direction strain Armchair direction strain

" ¼ 2% " ¼ 8% " ¼ 14% " ¼ 0:5% " ¼ 1% " ¼ 1:5%

Eg 26.09 28.71 28.94 45.09 48.15 51.77

Ep 40.09 42.71 42.94 59.10 62.15 65.77

Y. Wang et al.Appl. Phys. Express 6 (2013) 065102

065102-3 # 2013 The Japan Society of Applied Physics



Fig. 3(a). Under armchair direction strain, the guided mode
in Fig. 3(b) is dependent on not only the potential profile but
also the strain profile. However, the asymmetric tunneling
peak remains in all cases. Therefore, the smoothness of
the strain and potential profiles will not restrict the appli-
cation of the photon-assisted tunneling. In other words, it is
available to probe guided modes in the graphene waveguide
based on the photon-assisted tunneling.

In summary, we have explored the strain effect on guided
mode in a graphene waveguide. Numerical results indicate
that the number of guided modes increases under zigzag
direction strain. However, the number decreases under
armchair direction strain due to the displacement of Dirac
points. We also have investigated the electron transmission
through a strained graphene waveguide with an oscillating
potential, as a function of incident energy. It is found that
the transmission spectrum displays a sharply asymmetric
tunneling peak and the energy difference between the
tunneling peak and guided mode is equal to the photons

induced by the oscillating potential. Therefore, from the
tunneling peak, one can obtain information on the guided
mode in a graphene waveguide and further examine the
strain effect on the guided modes.
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