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ferromagnetic multilayer are constructed, respectively. Due to the interaction of different
layers mediated by the mechanical coupling, the total strains in different layers are solved

Iﬁgl"tvi‘;:;ics as functions of the misfit strains, electric polarizations of the ferroelectric slabs and mag-
Multilayers netic polarizations of the ferromagnetic slabs. More importantly, the phase diagrams of

Misfit strains multiferroic multilayer sandwiched between substrates are comprehensively investigated
Phase diagrams based on the modified thermodynamic potential. From our results, it can be found that the
phase diagrams of the multiferroic multilayers can be effectively shifted by changing the
multilayer-substrate thickness ratio, and the phase diagram configuration of the multifer-
roic multilayer can be dramatically changed by controlling the co-effect of the multilayer-
substrate thickness ratio and other tunable quantities, such as multilayer-substrate misfit
strains, in-multilayer thickness ratio and in-multilayer misfit strains.
© 2011 Elsevier Ltd. All rights reserved.

1. Introduction

Last decade has witnessed a revival of research interest on multiferroic materials for interesting science involved and
applications of multifunctional devices (Eerenstein, Mathur, & Scott, 2006; Fiebig, 2005; Nan, Bichurin, Dong, Viehland, &
Srinivasan, 2008). Magnetoelectric (ME) effect, the most important property of multiferroic materials, refers to the genera-
tion of electric polarization P when subject to a magnetic field H or the generation of magnetic polarization M when subject
to a electric field E. Since multiferroic single crystals are rare (Hill, 2000) and their ME effects are generally very weak or even
vanish around room temperature, an alternative choice is to obtain ME effect as a product property from multiferroic com-
posites. These composites are commonly fabricated by bonding ferroelectric materials with strong piezoelectric effect and
ferromagnetic materials with strong magnetostrictive effect. Multiferroic multilayers (or called 2-2 type multiferroic com-
posites, Newnham, Skinner, & Cross, 1978) is an essential composite type (Eerenstein, Wiora, Prieto, Scott, & Mathur, 2007;
Srinivasan, Rasmussen, & Hayes, 2003; Thiele, Dorr, Bilani, Rddel, & Schultz, 2007; Wang, Zhang, Ma, Lin, & Nan, 2008). High
quality multilayer, or its prototype thin film, is obtained by using the technique of epitaxial growth, which provides well
mechanical bonding at the interface between film and substrate. Another intrinsic advantage of this technique is that
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possible lattice mismatch between the substrate and the thin film causes eigenstrain which strongly affects the physical
properties of the upper film layer (Gao & Nix, 1999; Nix, 1989; Saha & Nix, 2002; Suo & Zhang, 1998).

The influence of this strain on ferroelectric and ferromagnetic thin films is widely studied. For ferroelectric thin films, the
research topics include tunability of the ferroelectric states of thin film-substrate system by misfit strains (Diéguez et al.,
2004; Luo, Wang, & Zheng, 2011; Pertsev, Tagantsev, & Setter, 2000; Pertsev, Kukhar, Kohlstedt, & Waser, 2003; Pertsev,
Zembilgotov, & Tagantsev, 1998; Prokhorenko & Pertsev, 2010; Sai, Kolpak, & Rappe, 2005; Sang, Liu, & Fang, 2008;
Zembilgotov, Pertsev, Bottger, & Waser, 2005), critical thickness of the ferroelectric thin film and the impact of the misfit
strains on its (Junquera & Ghosez, 2003; Wang & Woo, 2005; Zhong, Wang, Zhang, & Qu, 1994), strain relaxation caused
by dislocation generation at the interface and its relation to thickness of the thin film (Zheng, Wang, & Woo, 2006a,
2006b; Zheng, Wang, & Woo, 2007), etc. For ferromagnetic thin films, a lot focus has been put on realization of the Giant
Magnetoresistance Ratio (GMR) caused by quantum tunnelling effect in ferromagnetic multilayers and superlattices (Bruno
& Chappert, 1991; Griinberg, 2000; Ikeda et al., 2007). Although the magnetoelastic coupling in magnetic materials is usually
weaker than the electromechanical coupling in ferroelectric materials, regulation of the magnetic polarizations in ferromag-
netic thin films through changing the strains is still practical (O’Handley, Murray, Marioni, Nembach, & Allen, 2000; Pertsev,
2008; Thiele et al., 2007).

Multi-scale approaches are used in these researches, including molecular dynamics simulation, first-principle calcula-
tion, and phenomenological thermodynamic potential based on Landau-type free energy expansion. Based on the Landau
thermodynamic potential, Pertsev et al. (1998) put forward the research on misfit strain-temperature phase diagrams for
ferroelectric epitaxial thin films. The phase diagrams for BaTiO; and PbTiOs3 thin films are studied in his work, from which
all possible phases as well as tunability of the physical properties by adjusting the misfit strains at the thin film-substrate
interface are obtained. Since then, a lot effort has been made on analyzing misfit strain-temperature phase diagram of
different ferroelectric and ferromagnetic thin films grown on substrates (Pertsev, 2008; Pertsev et al., 2003; Pertsev
et al., 2000). Despite the phenomenological essence of the Landau theory, the determination of the Landau coefficients
can be connected to first-principle calculation (Tagantsev, Gerra, & Setter, 2008). All these works implied great tunability
of ferroelectric/ferromagnetic phases and physical properties of the thin films via changing the substrate misfit strain.
Yet, the misfit strain between the thin film and the substrate is determined by the choice of materials. For given thin film
and substrate, the misfit strain is usually considered constant in various theoretical models. To obtain arbitrary value of
misfit strain is a rigorous requirement on material selection. An alternative approach is to consider multilayers and to
control the physical properties of multilayers by adjusting the thickness ratio between different slabs. On this basis, Pro-
khorenko and Pertsev (2010) constructed the energy expression for free-standing ferroelectric multilayers and put forward
the idea of tunable physical properties of ferroelectric multilayers by adjusting the thickness ratio between the ferroelectric
slab and the passive slab.

Due to the effectiveness of phase control in ferroelectric/ferromagnetic thin films by adjusting the mechanical strains,
theoretical and experimental works spring up on strain engineering of multiferroic multilayers and superlattices (Liu,
Nan, Xu, & Chen, 2005; Murugavel, Padhan, & Prellier, 2004; Pertsev & Kohlstedt, 2010; Pertsev, Kohlstedt, & Dkhil, 2009;
Wau et al., 2006). Multiferroic multilayers are obtained by simply replacing the passive slabs in the ferroelectric multilayers
by ferromagnetic slabs. In this case, the passive slabs change into functional slabs and the product ME property depends on
the thickness ratio. According to the above analysis, it is necessary to find some new adjusting mechanism for the physical
properties of multiferroic multilayers. A substrate-multiferroic multilayer system provides this possibility. On one hand,
substrate-induced straining and clamping provides different mechanical conditions for the multilayer without changing
its microstructure; on the other hand, this clamping condition can be easily adjusted by changing the thickness ratio
between the substrate and the multilayer.

In this paper, we discuss the possibility of controlling the phase diagrams and physical properties of a multiferroic mul-
tilayer sandwiched between substrates by adjusting the thickness ratio of the substrates. The total strains in different layers
are first solved as functions of misfit strains, electric polarizations of the ferroelectric slabs and magnetic polarizations of the
ferromagnetic slabs. Then thermodynamic potentials are constructed for ferroelectric/elastic multilayers and ferroelectric/
ferromagnetic multilayers sandwiched between elastic substrates by using the solution of the strains. Using the potential
for ferroelectric/ferromagnetic multilayers, the ferroelectric phase diagrams for BaTiOs/CoFe,04 multilayer clamped in
SrTiO5 substrates are studied for various conditions. The strains and electric polarizations are also plotted at room temper-
ature as functions of the misfit strains.

2. Mechanics solution for the strains

Consider a structure illustrated in Fig. 1, h and H denote respectively the thickness of the multilayer and substrate, t;and
t, denote respectively the thickness of the one ferroelectric slab and one passive slab (ferromagnetic slab) in the multilayer
and substrate, the multilayer is composed of n ferroelectric slabs and n + 1 passive slabs. Two thickness ratios is defined by

= ntﬁ&%ﬁp and /, = 55, respectively. Due to symmetry property of the whole structure, in our model the bending effect is

neglected. Two important assumptions are taken in the following deduction, one is the ferroelectric and ferromagnetic slabs
are always in single domain state and the other is that the depolarization fields and short range interaction at the interface
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Fig. 1. Configuration of a multiferroic multilayer clamped between two substrates.

between different slabs are not considered here, the application of the second assumption to multiferroic superlattices or
slabs with thickness less than 100 nm should be cautious (Prokhorenko & Pertsev, 2010).

For a free standing ferroelectric slab, the energy state is described by its electric polarizations P;, (i = 1,2,3) and stresses g,
(i,j =1,2,3), and the Gibbs free energy density is given by Li, Cross, and Chen (2005)

Gf:a](P%+P§+P§> +O(11<P‘11+P3+P‘3‘) +O£12(P%P§+P%P§+P§P§) +05111(P$+P3+Pg>
o [P‘f (P§ + Pﬁ) + P (Pf + Pﬁ) +P; (Pf + Pﬁ)] + o3 PiP3PS + oy (Pf +P5 4 pg)
+ 112 [P? (Pﬁ + Pﬁ) +P5 (Pf + P§) +P5 (P% + Pﬁ)] + 122 (P‘I‘P‘z1 + PP p;‘p;‘)

s
+ 01123 (P?PﬁPi + P3P2P3 +P§P%P§> —% (031 + 03, + 033) — $12(011022 + 011033 + 022033)
S.
- % (0% + 0% + 0%2) -Qu (01113% +02P; + 0331’%) — Q44(P2P3023 4+ P1P3013 + P2P1013)
—Q12[011<P§+P§) + o (P§+P§) + 033 (P§+P§)], (1)

where o, o;; represent the dielectric stiffness and higher-order stiffness coefficients at constant stress, s;; are the elastic com-
pliances and Q; are the electrostrictive constants. For a general plane stress condition (13 = 023 = 633 = 0), the strains of the
ferroelectric slabs are derived by using the constitutive relations u;; = —9Gs/do;; as

U1 = 511011 + 512022 + anf + le(Pg +P§),
Uy = 511022 + 512011 + anﬁ + le(P% +P§),
U1z = S44012 + QuaP1P3.

Usz = $12(011 + 022) + ang +Qq2 (P% +P§),

Up3 = Q4P2Ps,

Uz = QqaP1Ps.
The expressions of the total strains in Eq. (2) take the general form of u; = uf + uj, where uf; = ug(o) denotes the elastic
strains related to the stresses and uj; = uj;(P) denotes the eigenstrains caused by paraelectric-ferroelectric phase transition.
The in-plane stresses 11, 022 and g, can be solved as functions of the in-plane strains uq1, U and uy; from the first three
equations in Eq. (2). For a multiferroic multilayer, the ferroelectric slabs are clamped in ferromagnetic slabs (or elastic slabs
for ferroelectric multilayers). Thus the boundary conditions at the interfaces of the ferroelectric slabs and ferromagnetic (or
elastic) slabs are expressed by strains. And when substrates are added, the boundary conditions at the interfaces of the pas-
sive slabs and the substrates are also expressed by strains. In both cases, the energy state should be described by the Helm-
holtz free energy density F; (Prokhorenko & Pertsev, 2010). F; can be obtained from the Gibbs free energy density Gy via the
inverse Legendre transformation Fy = Gy 4 >, ;u;0. Using the in-plane strains u1,U2 and u1, and electric polarizations Py,
P,, and P; as its independent variables, Fy is given by Zembilgotov et al. (2005)
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and o; can be obtained from the classic work on thermodynamics of ferroelectric thin films (Pertsev et al., 1998).

First, we consider the passive slab to be made up of linear elastic materials, and their elastic strains are denoted by v;. For
a dislocation-free interface between the ferroelectric slab and the passive slab, the in-plane strains in the two kinds of slabs
satisfy

Vi =Up —Uhy, U =Uy — Upmp Vi = U2 — uﬁﬁ;, (5)

ml»

where v, ub, and uf . are the misfit strains between the ferroelectric slab and the passive slab. As shown in Fig. 1, the mul-

tilayer is clamped in substrates, which gives
Wi =0V — uﬁm, Woy = Uy — Ufnp, Wi = V12 — Ufm;, (6)

where w;; denotes the elastic strains of the substrate layer, us,,, u,, and uj,; are the misfit strains between the passive slab
and the elastic substrate. Assume that the solution for the strains are independent of the out-of-plane axis x5, the total stres-
ses acting on the surface section perpendicular to x; and x, axes should vanish, which gives

MA2011 + (1 — /11)120417] + (1 — )vz)GS“ = 07
/2022 + (l — /11)},2022 + (l — ),2)0522 = 07 (73 — C)

MA2012 + (] — /11)1204])2 + (] — )v2)0§2 = 07
where o} and ¢}; denote respectively the elastic stress in the passive slab and the substrate. Since ¢;; = 5? , Oh= Z’;" o} = gfv
where F and F; denote respectively the Helmholtz free energy density of the passive slabs, and the substrate Eq (7a c) can
also be expressed as

OF; oF, OF,
Z]Aza + (] —) ))28 + (] — /‘LZ)OW]] = 0,
OF;
. - - = 8a —
)1/@ au (] )1) 87/2 (1 2)8W22 0, ( a C)
OF; OF, OF,
Ay —— e (] — )1))28—+ (1 — 2)8W]2 = 0,

First consider the case when the passive slabs are made up of elastic materials, we have

1 1
F, = zcﬁ)l (V3) + V3, + V33) + Oy (V11 V22 + V11 V33 + V22 33) +§Cﬁ4(”%2 + U5 + V), 9

where cipj are the elastic stiffness constants and y; are the strains for the elastic passive slabs.
For elastic substrate, we have

1 1
Gl (Wi + W3, + W33) + Cp (WinWaz + WinWss + WasWss) o Cliy (Wi, + W33 + Wi), (10)
where c; are the elastic stiffness constants and wy; are the strains for the substrate layer.

Substituting Egs. (3),(9), (10) into Eq. (8), we can solve uj; as functions of the electric polarizations P;, and the misfit strains
ub L ubo ubcand us s, S For isotropic in-plane misfit strains uf, = uf, = uh, ub =0, uS, =us, = us,, U, =0, the
solution is given by

Fs=
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In Egs. (11) and (12), sg and s}; denote the elastic compliances for the passive slab and the substrate, respectively.
If the passive slab is made up of ferromagnetic materials, its Helmholtz free energy density F, takes the form Bichurin,

Petrov, Ryabkov, Averkin, and Srinivasan (2005)

K B B
F, = -M x H; + M]‘l (MfMi + M§M§ + MfMﬁ) + M]z (M% Ui +M§ v+ M§ 1133) +ﬁ22 (MiM3 012 + MaM3 w3

N N N

1 1
+MiMsv13) +§le1 (V4 + V3 + 035) + Oy (01022 + V11 V33 + V2 U33) +§C§4(V%z + V35 + V), (13)
where M is the magnetization vector and H; is the vector of the internal magnetic field, K; is the cubic anisotropy constant
and M; is the saturation magnetization, B; and B, denote the magnetoelastic coefficients. By using Eq. (13) instead of (9), the
in-plane strains in the ferroelectric slabs are recasted as

_ 1 1 2 | p2 2 P s b o M3 St + 58, p Mi+M;
U =1h b, §(Q11+Q12)(P1+P2)+Q12P3+(b1+bz)um+bzum+b1s1zBlM—?+b1 5 B W
SN, S 17 ) (P} = P3) +ba(s}, — s3,)B Mi —M;
2(1+bg+bs) |11 ST T2 R VR
1 1 M3 S 4sh MM
1122:T1+l)2 E(Q11+Q12)<P%+P%)+Q12P§+(b1+b2)u§1+bzu,§n+b15q231ﬁ§+b1 11 3 12, 1M52 2
_; (Q —Q )<p2_p2>+b4(sp _sP )&M
2(1 +b4+b5) 11 12 1 2 11 12 Msz )
1 — 21)ByS4aM M
uu:%l)lpz_( 1)244; 1Mz
3 bg;leS
(14a — ¢

Substitution of Eq. (14a-c) or Eq. (11a-c) into Egs. (5) and (6) yields the corresponding solution for v;and wy.

3. Energy formulation

Let us consider the total energy of the structure illustrated in Fig. 1, under the straining condition, the total energy of the
system should be described by its Helmholtz free energy density, which is given by

(F) = MA2Fr + (1 — A1) A2Fp + (1 — Ao)Fs, (15)
where

o Tltf Ty = h
"Tnt+(n+ 1)t T 2H+ R

A (16)

n denotes the number of the ferroelectric slabs in the multilayer.
The Helmholtz free energy density of the substrate-multilayer-substrate system then obtained by substituting corre-
sponding expressions into Eq. (15) as
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(F) = a7 (P} + P ) + 057} =+ 655 (P + P3) + 0yP3 + iP5 -+ ocjs (P o+ P )P + o (P + P + PS)
+ J1220012 [Pg‘ <P§ + P§) +P; (Pf + P%) +P; (Pf + Pﬁ)] + 120123 PIP5P5 4 A dattinn (Pﬁ‘ +P5+ P§)
+ 2122001112 [P? (Pi + Pi) + P (Pf + P%) + P (Pf + P%)] + 2142001122 (P?Pg +P3P; + P?Pg)
+ nadnas (PIP3PS + PAPIPS + PAPYPS ) + (Fo), (17)

where (Fp) denotes the part of energy that is independent on the electric polarizations, and other coefficients are given in
Appendix A.

When /, =1, the substrate-multilayer-substrate system reduces to a free-standing multilayer, and the energy density
expression in Eq. (17) is equivalent to the result obtained by Prokhorenko and Pertsev (2010).

If the passive slab is made up of ferromagnetic materials, Eq. (13) should be used instead of Eq. (9). The average Helmholtz
free energy density of the substrate-multilayer-substrate system is reconstructed as

(F') = 0,7 P} 4+ 057 P} + 03" P + 0" PPy + oy (P 4 PR ) + o33P + ey PR3 + ocy (P 4+ P3 )P
+ 2ndacinnt (P 4+ P+ PS) + izt [P (P + P3) + P (P + P) 4+ P (P} + P )| + 2 dacnnos PP PS
o+ o (P4 P+ P ) o+ nzadinna [P (P 4+ P3) + PS (P} + P3) + P5 (P} + P}
+ a0z (PIPy + P3P+ PIPS) + i adtnas (PIPSPS + PAPRPS + PAPRRS ) + () + (Fy), (18)

where the expressions for coefficients are given in Appendix A.

For practical consideration, the magnetic polarizations are always poled in certain direction to its saturation value to
increase the magnetostriction effect. This is due to the fact that compared with the electrostriction effect in the ferroelectric
materials the magnetoelastic effect is weak when the magnetization is far away from its saturation value. In this case, Eq.
(18) can be used to analysis the ferroelectric phase diagram of the multiferroic multilayer.

4. Phase diagrams

By using Eqs. (17) and (18), the phase diagrams for ferroelectric multilayer and multiferroic multilayer controlled by com-
pliant substrates can be plotted. From the energy expressions we can see coupling effect of factors such as misfit strains
between the substrate and the multilayer, misfit strains within the multilayer, thickness ratio A; and /,, and for multiferroic
multilayer the direction of the magnetization in the ferromagnetic slab. In order to illustrate the effects of these factors, four
groups of phase diagrams are plotted for BaTiOs;-CoFe,0,4 multilayer clamped by SrTiO3 substrate. The material parameters
are listed in Table 1.

First we could like to discuss the effect of magnetization on the phase diagrams and to check our calculation programs. In
Fig. 2, phase diagram was plotted with 4, =1, uf, = 0.5 x 107, /; € (0, 1) for BaTiOs-CoFe,0, multilayer, and the CoFe,0,4
slab is treated respectively as elastic material (dashed lines) and as ferromagnetic material poled in x3 axis (solid lines). The
dashed lines give the same result with Fig. 5. in Prokhorenko and Pertsev’s work (Prokhorenko & Pertsev, 2010). In Fig. 2, the

Table 1
Material parameters used in calculation.

BaTiO3

Landau coefficients (Li et al., 2005):

a; =4.124 x 10° (T — 115) (C2m? N); a;; = —2.097 x 10® (C~* m® N); ay, = 7.974 x 108 (C"* m° N);
a111=1.294 x 10° (Cm'° N); ay12 = —1.950 x 10° (C" ¥ m'®N); ay53 = —2.5 x 10° (C"* m'O N);
111 = 3.863 x 10" (C® m'® N); ay112 = 2.529 x 10" (C"® m'® N); @122 = 1.637 x 10'° (C®m'°N);
1123 = 1.367 x 10" (C"® m'° N);

Electrostrictive coefficients (Pertsev et al., 1998):

Q11 =0.11,Q12 = —0.043,Q44 = 0.059 (C~'m?);

Elastic constants (Pertsev et al., 1998):

511=8.3 x 10712 (N"'m?); s1=—2.7 x 10712 (N"1 m?); 544 =9.24 x 1072 (N~ ' m?)

CoFe,04

Elastic constants (Prokhorenko & Pertsev, 2010):

sh =6.427 %1072 (N"' m?); s}, = 2422 x 1072 (N"' m?); sh, =2.222 x 107" (N"' m?)
Magnetic properties (Pertsev, 2008):

M, =35 x 105(Am™"); B, =5.9 x 107 (J/m?)

SrTiO5(Pertsev et al., 2000):

$5, =3.296 x 1072 (N7 m2?); s, = —0.736 x 1072 (N"' m?);s, = 7.813 x 1072 (N"' m?)
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Fig. 4. Volume fraction of substrate-temperature phase diagram of BTO-CFO multiferroic multilayer with u} = —0.3 x 103, u5, = 0.5 x 10~ for

(a) 21 =0.8, (b) 21 =0.6, (c) 41 = 0.4; and with u$, = 0.5 x 103, 2; = 0.8 for (d) u}, = —0.5 x 1072, (e) uh, = —0.1 x 107>,

diagram becomes qualitatively similar to that of a thin film. For both dashed lines and solid lines, this threshold volume
fraction A9(%, = 1) = 0.548. The equivalence is due to the fact that addition of the magnetization merely renormalizes the
second-order coefficients a;** while the threshold volume fraction is solved from the equation ajj = aj3 /2.

The main purpose of our following calculation is to examine the effect of adjustable substrate on the phase diagrams and
hence physical properties of the multiferroic composites. From Fig. 3(a) to (d), we illustrate that by adjusting the volume
fraction of the substrate (I=1 — /), the phase diagrams of the multilayer can be controlled in similar way as adjusting
the volume fraction of the passive slab. Moreover, we show that for different values of 1; the appearance of certain phases
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Fig. 5. Pertsev misfit-temperature phase diagram of BTO-CFO multiferroic multilayer with /; = 0.8, uf, = —0.3 x 107>, us, =0.5x 1073 for (a) 4, =0.8,
(b) 72=0.5.

in the diagram is tunable. In Fig. 3(a) the appeared phases are the same with the phases in Fig. 2. In Fig. 3(b-d) ac phase, ¢
phase and a phase disappear in succession. It is clear seen from the phase diagrams that the tunability of the stabilized phases
and hence physical properties is greatly enhanced by introducing the finite thickness substrate.

To further investigate the tunability of phase diagrams, we calculate the case when the misfit strains in substrate and
passive slabs take different signs in Fig. 4. In Fig. 4, I-temperature phase diagrams are plotted with different signs of u},
and u,. Since uf, and u$, take different signs, the clamping condition of the passive slab is weaken by the presence of the
substrate, which causes different configuration of the phase diagrams. In Fig. 4, a general character of the phase diagrams
is that ¢ phase is greatly strengthened due to minus u%, and a new triple point appears, corresponding to 13, separating ¢
phase, aa phase, and r phase. In Fig. 4(a-c), the calculation was done for increasing volume fraction of the substrate. From
the results we can conclude that by adjusting the volume fraction of the substrate, the presence of a phase and ac phase
is tunable, and the value of 4 is slightly affected. In Fig. 4(a, d, e), the calculation was done for different values of u%,, which
shows that 43 depends strongly on uf,.

Finally, the traditional misfit strain u$,-temperature phase diagrams are plotted with different values of 4, from which we
can see the effect of adjusting substrate thickness on the Pertsev diagram. It is shown in Fig. 5 that by adjusting 15, the pres-
ence of the intermediate a phase and ac phase can be controlled.

5. In-plane strains of the ferroelectric slabs

The change of ferroelectric states in a substrate-multiferroic multilayer system derives from the mechanical coupling at
different interfaces. On the other hand, the change of the ferroelectric states (electric polarizations) in turn has an impact on
the strains in different layers, as seen in Eqs. (11a-c) and (14a-c). In this section we calculate the change of in-plane strains
and corresponding electric polarizations of the ferroelectric slabs at room temperature by adjusting the volume fraction of
the substrate. From Eq. (2) it is shown that the total strains are made up of two parts u; = uf + u;. Thus we have for mul-
tiferroic multilayers
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The in-plane axial strains for the ferroelectric slabs as a function of the volume fraction of the substrate are plotted in
Fig. 6(a) and (b), where the misfit strains caused by the passive slabs and the substrates takes the same (positive) sign in
Fig. 6(a) and different signs in Fig. 6(b). In Fig. 6, total strains and elastic strains are illustrated with solid lines and dashed
lines, respectively. The distance between the two sorts of lines corresponds to the absolute value of the eigenstrain caused by
phase transition, where solid above dashed lines indicates positive eigenstrain and dashed above solid lines indicates neg-
ative eigenstrain. From Fig. 6, we can see that phase transition leads to significant changes of the in-plane strains, which
derives from the change of eigenstrain caused by phase transition. From Eq. (2) and corresponding values of Q; we learn
that the eigenstrain caused by in-plane electric polarizations is positive while the eigenstrain caused by out of plane electric
polarizations is negative. This explains why in Fig. 6(a) the phase transition strain decreases in a phase transition from aa

Fig. 6. In-plane axial strain in ferroelectric slabs versus volume fraction of substrate (2; =0.8,uj, =0.5 x 107%) for (a) uf, =0.5x 1073,

uh, = -03x 1073,
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phase to r phase. When the ferroelectric slabs stabilize in a phase that possesses asymmetric in-plane polarization (e.g. ac
phase in Fig. 6(b)), great anisotropy of in-plane axial strains will be generated, as presented in Fig. 6(b).

The electric polarizations of the ferroelectric slabs corresponding to Fig. 6(a) and (b) are plotted in Fig. 7(a) and (b). Com-
pare Fig. 6 with Fig. 7, we can see that the distance between u; = u,; and u§; = us, in Fig. 6 depends on the distance between
P; = P, and Ps. In the r phase section of Fig. 6(a) and (b), uq1 = uy, and u$; = u$, switch positions with each other, while cor-
responding switching happens between P; = P, and P; in Fig. 7(a) and (b).

6. Conclusion

In this paper, we have comprehensively examined the tunability of the phase diagrams and physical properties of a
substrate-multiferroic multilayer-substrate structure by adjusting the substrate thickness. The formulation is based on
a thermodynamic potential derived from Landau-type expansion and mechanics solution of the total strains. From the re-
sults we can see that by changing the substrate thickness, the phase diagrams and physical properties can by effectively con-
trolled. By combination with other tunable variables, transformation of the phase diagram configuration can be realized:
when the misfit strains corresponding to the two kinds of interfaces take same or opposite signs, the phase diagram patterns
are significantly different. The in-plane total strains and elastic strains of the ferroelectric slab take dramatic jumps at the
ferroelectric phase transition point.
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Appendix A. Coefficients in the energy formulation
The coefficients in Eq. (17) are expanded as
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